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DEFINITION Limit of a Sequence

If the terms of a sequence {a, } approach a unique number L as n increases—that
is, if @, can be made arbitrarily close to L by taking n sufficiently large—then
we say lim a, = L exists, and the sequence converges to L. If the terms of the

n=—>xn

sequence do not approach a single number as n increases, the sequence has no
limit, and the sequence diverges.
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Intuitive Definition

Let {an} be a sequence. a, — L if a, gets as close as we want

as n gets bigger.
That is, |a, — L| is as small as we want. Example:

2 _n—2
n — n
Claim: a, — 1 as n — .
n—2 n—-2 n 2
lan—1| = —1|: — —| ==
n n n n
and 2/n — 0.

Technique: Identify L. Show that (a, — L) — 0.
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Converges

(574}

Show converges to 1/3: Compare to 1/3:
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is it small as n — oco?
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Converges

(574}

Show converges to 1/3: Compare to 1/3:

n
3n+4_1/3|
is it small as n — 00?
_|13n—(38n+4)| —4 B 4
3(3n+4) ‘ N |3(3n+4)‘ ~ (3(3n+4))

factor out something you know:

3(3n4+ 4) Gv) (3(3 +44/n)> |

We know 1/n — 0, and the second term is bounded, so
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Divergence

Divergent just means not convergent. Example:
n—1

ek =1 2k
an = (1) Skt1  ~ okii1 "

Forodd n =2k + 1,
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Divergence

Divergent just means not convergent. Example:

an:(—1)”<”;1>.

Forodd n =2k + 1,

o 2k+1(2k+1)—1__ 2k B
an = (1) Skt1  — okyq "
For n = 2k even,
2k — 1
an: —>1

2k



Divergence

Divergent just means not convergent. Example:

an:(—1)”(”;1>.

Forodd n =2k + 1,

o 2k+1(2k+1)—1__ 2k B
an = (-1) Sk+t1 oky1 Ch
For n = 2k even,
a —2k_1—>1
T 2k '

Technique: show two parts of sequence converge to two
different things. That means the sequence diverges.
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sequence stays away from L for every odd n. Similar argument
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Exercise

Show that the sequence {5n} diverges. Let L be a real number.
If Nis large enough, then 5N > L + 1. Then for every n > N,

on—L>5N—-L>1

SO 5n stays away from L. ~~ divergent.
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THEOREM 10.1  Limits of Sequences from Limits of Functions
Suppose f is a function such that f(n) = a,, for positive integers n. If

lim f(x) = L, then the limit of the sequence {a,} is also L, where L may be * .
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Algebraic limit theorem

Suppose {an} converges to Ly and {b,} converges to L,. Then
1) an+ bn — L1 + Lo

2) If ¢ is a real number, then ca, — cL4

3) anbn — L1 L2

4) If by # O for every nand L # 0, then 3% — f—;



Squeeze Theorem

Let {an} converge to L, and {b,} converge to L. Suppose {cn}
is a sequence with a, < ¢, < b, for every n. Then ¢, — L.



Squeeze Theorem

Let {an} converge to L, and {b,} converge to L. Suppose {cn}
is a sequence with a, < ¢, < b, for every n. Then ¢, — L.
Example:

an=—-1/n, bp=1/n, ¢, =sin(n)/n.
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DEFINITIONS Terminology for Sequences

* {a,} isincreasing ifa,, , > a,; for example, {0,1,2,3,...}.

{a,} is nondecreasing ifa, , , = a,: forexample, {1,1,2,2,3,3,...}.
{a,} is decreasing if a, ., < a,; forexample, {2,1,0,—1,...}.

{a,} is nonincreasing if a, . | = a,; for example, {0, —1, =1, =2, =2, ... }.
{a,} is monotonic if it is either nonincreasing or nondecreasing (it moves in
one direction).

{a,} is bounded above if there is a number M such thata, = M, for all
relevant values of n, and {a, } is bounded below if there is a number N such
thata, = N, for all relevant values of n.

If {a,} is bounded above and bounded below, then we say that {a,} is a
bounded sequence.

.

THEOREM 10.3 Geometric Sequences
Let r be a real number. Then

0 if |r] <1
lim 7~ =1 1 ifr =1

n—’x . .
does notexist ifr= —lorr > 1.

If r > 0, then {r"} is a monotonic sequence. If » < 0, then {7} oscillates.

Converges Diverges
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THEOREM 10.5 Bounded Monotonic Sequence
A bounded monotonic sequence converges.




Monotone examples

Example:
{1-1/n}

is monotone increasing and bounded by 1.



Monotone examples

Example:
{1-1/n}

is monotone increasing and bounded by 1.
Example: recursive sequence
Let a; = /3, and for n > 1,

an_|_1 -V 3 + an.

Technique: prove monotone and bounded, then solve for limit.

a\gﬁ Qe = S?.}& >B A== X 34+ 5 Q,
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THEOREM 10.6 Growth Rates of Sequences
The following sequences are ordered according to increasing growth rates as

a
n—> = that s, if {a,} appears before {b,} in the list, then lim — = 0 and
n=+x n

{In“n} << {n”} < {n"In"n} << ("""} < {B'} < {n!} << {d"}.

The ordering applies for positive real numbers p, ¢, r, s,and b > 1.
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DEFINITION Limit of a Sequence

The sequence {a,} converges to L provided the terms of a, can be made arbitrarily
close to L by taking n sufficiently large. More precisely, {a,} has the unique limit
L if, given any £ > 0, it is possible to find a positive integer N (depending only on
€) such that

la, = L| <&  whenevern > N.
If the limit of a sequence is L, we say the sequence converges to L, written
"ll_f.ll a, = L.

A sequence that does not converge is said to diverge.
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