
Sequences

February 14, 2018

 



Examples

⇢
1
n

�1

n=1

⇢
(�1)n

2n

�



Examples

⇢
1
n

�1

n=1
⇢
(�1)n

2n

�



Examples

an =

(
0, n odd,
n, n even.

⇢
(�1)nn
2n � 1

�





Intuitive Definition

Let {an} be a sequence. an ! L if an gets as close as we want
as n gets bigger.

That is, |an � L| is as small as we want. Example:

an =
n � 2

n
.

Claim: an ! 1 as n ! 1.
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����
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n
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����
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n
� n
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���� =
2
n

and 2/n ! 0.
Technique: Identify L. Show that (an � L) ! 0.
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We know 1/n ! 0, and the second term is bounded, so
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3(3n + 4)

���� ! 0

which implies
n

3n + 4
! 1/3.
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Divergence

Divergent just means not convergent. Example:

an = (�1)n
✓

n � 1
n

◆
.

For odd n = 2k + 1,

an = (�1)2k+1 (2k + 1)� 1
2k + 1

= � 2k
2k + 1

! �1.

For n = 2k even,

an =
2k � 1

2k
! 1.

Technique: show two parts of sequence converge to two
different things. That means the sequence diverges.



Divergent

{(�1)n}

To show divergent, need to show that given a real number L, at
least some of the sequence stays away from L. Idea: ±1 stay
away from each other...
For proof: let L be a real number. We want to look at
|(�1)n � L|, which is either |1 � L| or |� 1 � L| = |1 + L|
depending on odd/even n.
Either L � 0, or L < 0.
If L � 0, then 1 + L � 1, so |1 + L| � 1, which means that the
sequence stays away from L for every odd n. Similar argument
for L < 0 and even n.  divergent.
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Exercise

Show that the sequence {5n} diverges.

Let L be a real number.
If N is large enough, then 5N � L + 1. Then for every n � N,

5n � L � 5N � L � 1

so 5n stays away from L.  divergent.
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Algebraic limit theorem

Suppose {an} converges to L1 and {bn} converges to L2. Then
1) an + bn ! L1 + L2
2) If c is a real number, then can ! cL1
3) anbn ! L1L2
4) If bn 6= 0 for every n and L2 6= 0, then an

bn
! L1

L2
.



Squeeze Theorem

Let {an} converge to L, and {bn} converge to L. Suppose {cn}
is a sequence with an  cn  bn for every n. Then cn ! L.

Example:

an = �1/n, bn = 1/n, cn = sin(n)/n.
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Monotone examples

Example:
{1 � 1/n}

is monotone increasing and bounded by 1.

Example: recursive sequence
Let a1 =

p
3, and for n � 1,

an+1 =
p

3 + an.

Technique: prove monotone and bounded, then solve for limit.
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