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Divergence

Example:
1X

n=1

(�1)n

Partial sums:

sN =

(
�1, N odd,

0, N even

diverges

1X

n=1

n
n + 3

n/(n + 3) ! 1 as n ! 1, so we expect the Nth partial sum to

look like summing N copies of 1. That means they diverge.
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A divergence theorem
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1X

n=1

1
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Harmonic “series”

1X

1

1

n
=?

1+1/2 + 1/3 + ...

= 1 + 1/2 + (1/3 + 1/4) + (1/5 + 1/6 + 1/7 + 1/8)

+ (1/9 + ...+ 1/16) + ...

� 1 + 1/2 + 2(1/4) + 4(1/8) + 8(1/16) + ...

In general, s2N � 1 + 1/2 + N(1/2) so it diverges since {sN} is

unbounded.
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Integral test

Theorem: Let f (x) be a function on [1,1) which is

1) positive

2) decreasing.

For each n, let an = f (n). Then

1X

n=1

an

converges if and only if

Z 1

1

f (x)dx

converges.







Integral test

This means you can use your intuition about improper integrals:

X 1

n
 

Z
1

x
dx  log blow up

In fact, we can use the integral to estimate the sum if it

converges:

Z N+1

1

f (x)dx  sN  a1 +

Z N

1

f (x)dx .
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Exercise

Determine if the series converges. Estimate it if it does.

1X

n=1

1

3n2

f (x) = 1

3x2
looks like 1/x2, so probably converges.

1

3
� 1

3(N + 1)
 sN  2

3
� 1

3N
.

1

3


1X

n=1

1

3n2
 2

3
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Exercise

Determine if the following series converges or diverges and

estimate the sum if it converges.

1X

n=1

3p
n + 2

.

f (x) = 3p
n+2

looks like x�1/2, so we expect it to diverge.

sN �
Z N+1

1

3p
x + 2

dx = 6(
p

N + 3 �
p

3)
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Remainder estimate

In fact, we can use the integral to estimate the sum if it

converges:

Z N+1

1

f (x)dx  sN  a1 +

Z N

1

f (x)dx .

Can use integral to estimate remainder. Under the assumptions

of the theorem, if
P

an converges to s, the remainder

RN = s � sN :

RN = aN+1 + aN+2 + ...

Shift integral:

aN+1 + aN+2 + ... 
Z 1

N
f (x)dx ,

aN+1 + aN+2 + ... �
Z 1

N+1

f (x)dx .
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Example

Show that the sum
1X

n=1

1

(3n � 1)4

converges. How many terms do you need so that sN is within

1/1000 of s?

Z
1

(3x � 1)4
dx = �1

9
(3x � 1)�3 + C.

1

9
(3(N + 1)� 1)�3  RN  1

9
(3N � 1)�3

1

9
(3N � 1)�3 =

1

1000
 N =

1

3
+

10

3 · 91/3

Any bigger N works.
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Exercise - p test

Show that
1X

n=1

1

np

converges if and only if p > 1.





Exercise

For which values of p does the following series converge?

1X

n=2

1

n(ln(n))p

Z
1

x(ln x)p dx =
(ln(x))�p+1

�p + 1
,

so

p > 1

What about p = 1?
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Comparison test

Theorem: Let
P1

1
an and

P1
1

bn be infinite series with an � 0

and bn � 0 for every n.

1) If
P1

1
bn converges and bn � an for every n then

P1
1

an
converges

2) If
P1

1
bn diverges and bn  an for every n then

P1
1

an
diverges



Example

Show that
1X

1

1

3n + 1

converges.

Looks like geometric series. Important: If I want to show that

1

3n + 1
 bn,

I need 3n + 1 � 1

bn
.

3
n + 1 � 3

n,

so
1

3n + 1
 1

3n .

P1
1

1

3n converges, so does
P1

1

1

3n+1
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Exercise

Show that the series

1X

n=1

1

n2 + 2n + 2

converges. Use comparison test.

Looks like 1/n2:

n2 + 2n + 2 = (n2 + 2n + 1) + 1 = (n + 2)2 + 1 � n2

so
1

n2 + 2n + 2
 1

n2

p test P1
1

1

n2+2n+2
converges.
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Divergence comparison

Show that the following series diverges using comparison test:

1X

n=2

1p
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Looks like 1/n. Important: If I want to show

1p
n2 � 1

� bn,

need p
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bn
.

(
p

n2 � 1)2 = n2 � 1  n2,

so
1p

n2 � 1
� 1

n
p test diverges.



Divergence comparison

Show that the following series diverges using comparison test:

1X

n=2

1p
n2 � 1

Looks like 1/n. Important: If I want to show

1p
n2 � 1

� bn,

need p
n2 � 1  1

bn
.

(
p

n2 � 1)2 = n2 � 1  n2,

so
1p

n2 � 1
� 1

n
p test diverges.



Divergence comparison

Show that the following series diverges using comparison test:

1X

n=2

1p
n2 � 1

Looks like 1/n. Important: If I want to show

1p
n2 � 1

� bn,

need p
n2 � 1  1

bn
.

(
p

n2 � 1)2 = n2 � 1  n2,

so
1p

n2 � 1
� 1

n
p test diverges.



Example - more subtle estimate
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