Integral test



Divergence

Example:

> (=)

n=1



Divergence

Example:
> (=1)"
n=1
Partial sums:
o — —1, N odd,
N 0, N even

diverges



Divergence

Example:
> (=1)"
n=1
Partial sums:
o — —1, N odd,
N 0, N even
diverges




Divergence

Example:
> (=1)"
n=1
Partial sums:
—1, N odd,
SN =
0, N even
diverges

n
Zn+3
n=1

n/(n+3) — 1 as n — oo, so we expect the Nth partial sum to
look like summing N copies of 1. That means they diverge.



Divergence

Example:
> (=1)"
n=1
Partial sums:
—1, N odd,
SN =
0, N even
diverges

n
Zn+3
n=1

n/(n+3) — 1 as n — oo, so we expect the Nth partial sum to
look like summing N copies of 1. That means they diverge.



A divergence theorem

Theorem: If > 77, a, converges, then a, — 0.



A divergence theorem

Theorem: If > 77 . a, converges, then a, — 0. CONVERSE IS
FALSE!
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2 n
n=1

diverges!
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Harmonic “series”

141/24+1/3+ ...
—1+1/2+(1/3+1/4)+(1/5+1/6+1/7 +1/8)
+(1/9+...+1/16) + ...
>14+1/2+2(1/4) + 4(1/8) + 8(1/16) + ...

In general, s,n > 1+ 1/2 4+ N(1/2) so it diverges since {sy} is
unbounded.



Integral test

Theorem: Let f(x) be a function on [1, c0) which is
1) positive

2) decreasing.

For each n, let a, = f(n). Then

> a
n=1
converges if and only if

/10O f(x)dx

converges.
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This means you can use your intuition about improper integrals:
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In fact, we can use the integral to estimate the sum if it
converges:

N+1 N
/ f(x)dx < sy < ay +/ f(x)dx.
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Example

Determine whether the sequence
-
14+ n?
n=1

converges. Estimate it if it does.

1
1+m 1+x2

~» arctan okay

1

1 +dex

N
sN:a1+ag+...aN§1/2+/
1

N-+1 1
SN > ax.
- N = /1 1+ x2
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Exercise

Determine if the series converges. Estimate it if it does.

=1
2 52

f(x) = 2.5 looks like 1/x2, so probably converges.
LR <2 1
3 3(N ) 3 3N’
— < f: L < —.
3 T = n° — 3
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Exercise

Determine if the following series converges or diverges and
estimate the sum if it converges.

i 3

n=1

3

—1/2 s0 we expect it to diverge.

N+1 3
sNz/ dx = 6(vN + 3 — V/3)
1
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Exercise

Determine if the sum converges. If it converges, estimate the

sum.
i 1
— 2)3
p— 4(n —2)
f(x) = —=3. Integrals are not at 1 any more!

4(x 2)3

N+ 1 1 N o
< _
/3 4()(—2)1’»""(—4+/3 ax—2p X




Exercise

Determine if the sum converges. If it converges, estimate the

sum.
i 1
- 4(n — 2)3
f(x) = W Integrals are not at 1 any more!
N+ 1 1 N o
< — d
/3 ax—2p X =3 +/3 ax — 28
or
1 1 3 1
= — <Sy< 5 —

8 B8(N-—1)2 8 8(N-—2)2



Remainder estimate

In fact, we can use the integral to estimate the sum if it
converges:

N+1 N
/ f(x)dx < sy < ay +/ f(x)dx.
1 1



Remainder estimate

In fact, we can use the integral to estimate the sum if it
converges:

N+1 N
/ f(x)dx < sy < ay +/ f(x)dx.
1 1

Can use integral to estimate remainder. Under the assumptions
of the theorem, if > a, converges to s, the remainder
Ry = s — sy

Ry = any1 + anio + -



Remainder estimate

In fact, we can use the integral to estimate the sum if it
converges:

N+1 N
/ f(x)dx < sy < ay +/ f(x)dx.
1 1

Can use integral to estimate remainder. Under the assumptions
of the theorem, if > a, converges to s, the remainder
Ry = s — sy

Ry = any1 + anio + -

Shift integral:

oo
ani1+ani2+... < / f(x)dx,
N

oo

aN_|_1 —|— aN_|_2 —I— Z / f(X)dX
N-+1
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Example

Show that the sum

- 1
; (Bn—1)4

converges. How many terms do you need so that sy is within
1/1000 of s?

1 R 5
/(BX_1)4dx_—§(3x—1) +C.

1

LBIN1) 1) P < Ry < L8N 1)
1
9

Any bigger N works.

1 1 10
— _3:—«»-) = —
(BN—=1) 1000 N 3+3'91/3




Exercise - p test

Show that

> 1

np
n=1

converges ifand only if p > 1.
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Exercise

For which values of p does the following series converge?

1 _ (In(x))—P*
/x(lnx)PdX_ —p+1

p > 1

SO

What about p =17



Exercise

Show
> 2
> ne
n=1

converges. How many terms do you need so that sy is within
103 of the sum?



Exercise

Show
> 2
> ne
n=1

converges. How many terms do you need so that sy is within
103 of the sum?

/ xe X dx = 1e"\’2 — 1073
N 2

w N> 4/In(10%/2)



Comparison test

Theorem: Let Y ° a5 and > 7° b, be infinite series with a, > 0
and b, > 0 for every n.

1) If >°3° by converges and b, > a, for every nthen > 7" a,
converges

2) If >°7° b, diverges and b, < a,, for every nthen > 7 a,
diverges
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Example

Show that

> 5
1 37+ 1
converges.
Looks like geometric series. Important: If | want to show that

1

<
31 + 1 < bn
| need 3" + 1 zbin.
374+1>3"
SO
1 1
< —.
311 = 3

1 37 converges, so does » ;" g7
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Exercise

Show that the series
> 1

Zn~2+2n+2
n=1

converges. Use comparison test.
Looks like 1/n?:

P +2n+2=(+2n+1)+1=(N+2P°24+1>n?

SO
1 1

<
n?+2n+2 — n?

p test ~~ converges.

21 n2+2n+2



Divergence comparison

Show that the following series diverges using comparison test:

=1
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Divergence comparison

Show that the following series diverges using comparison test:

— 1
nz_:z vné —1
Looks like 1/n. Important: If | want to show
1
> by,
N
need 1
n°?—1< ——.
n
(VMR —1P2=n—-1<nP,
SO
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Example - more subtle estimate

Show the following sum converges:

Looks like 1/n?.

n°—1<n?

inequality goes the wrong way!
n>2,805m>2x

’
2 2 2 2
- 1>+ 2-1>
n- —1 2n+2n _2n+ =
SO
1 2
n—1- n%

p test.



