Absolute convergence, ratio and root tests
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Eventually decreasing

In alternating series, we assumed {b,} is monotonically
decreasing. Can have a few bad terms.

Definition: A sequence {bn}7° ; is eventually decreasing if there
exists N so that {bs}7> , is decreasing.

Example: by =2, b, =14, b3 =0, by = —26, bs = 2, and for
n>6,b,=1/n.

00 5

(—1)"bp = Z(—1 )"bn + Z(—1 )"bn
n=5

n=1 n=1

converges.
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f(n) = n?/(1 + n®)'/2, so if f is monotone, so is sequence.
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(_1)n(1 + n5)1/2

>

n=1

Need to show decreasing! Compare to f(x) = ﬁ

f(n) = n?/(1 + n®)'/2, so if f is monotone, so is sequence.

, 2x — (1/2)x®
f(X): 2(1—|—(X5/)3)/)2(

If x > 2, f(x) <0, so f monotonic for x > 2. ~ {(1+n5)1/2}
eventually decreasing.
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Absolute convergence

Recall: >°(—1)"1 converges, but >~ I does not. That is,
1 1
— n_ — —
I CIES I
diverges. Recall: > (—1 )”% converges, and ) _ % converges

too. That is,
1 1
IR

converges. What about > (—1 )”\/FLH ?
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Absolute convergence cont'd

Definition: Let > a, be a series. If Y |a| converges, we say
> ap converges absolutely. If > a, converges but > |ap|
diverges, we say > _ an is conditionally convergent.

Theorem: If Y~ a, converges absolutely, then > a, converges.
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Absolute convergence cont'd

Definition: Let > a, be a series. If Y |a| converges, we say
> ap converges absolutely. If > a, converges but > |ap|
diverges, we say > _ an is conditionally convergent.

Theorem: If Y~ a, converges absolutely, then > a, converges.
Converse false: > (—1 )”,1—,, converges but not absolutely.
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Examples

3 sin,g;z)

converges absolutely.






Examples

3 sin,g;z)

converges absolutely.

o
2.1 VN + 1

converges conditionally, but not absolutely



Exercises

Which, if any, of the following series converge absolutely?
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Exercises

Which, if any, of the following series converge absolutely?
3 (—=1)"
16n—9
Z cos(nm)
n—1/4
sin(18n)
> en
1) converges conditionally, but not absolutely

2) converges absolutely
3) converges absolutely
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1) If limp_ oo agf = L < 1, then series converges absolutely.




Ratio test

Theorem: Let > a, be a series.

1) If limp_ oo agf = L < 1, then series converges absolutely.

an41

2) If limp._yo0 | %2t

= L > 1 or — oo, the series diverges.



Ratio test

Theorem: Let > a, be a series.
1) If limp_ oo ag—f = L < 1, then series converges absolutely.

2) If limpooo |22 = L > 1 Or — o0, the series diverges.

3) If limy_oo | 2221 | = 1, no information.
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Examples

Z n3~"
an=n3"" so

an+1 (n + 1 )3_n_1

an | n3-" an 3"
absolutely convergent.
Z(—U”
nP
anyt| _ [k P) P
an (=1)"/nP ~(n+1)p

no matter what p is. ~ no information, even though we know
the answer from the p test (abs. conv. if and only if p > 1,
conditionally for 0 < p < 1).



Exercises

Determine if the following series converge absolutely,
conditionally, or diverge. Use the ratio test.

> (=1)"9"

S0
(~2)"

Z (2 + n)n







Exercises

Determine if the following series converge absolutely,
conditionally, or diverge. Use the ratio test.

> _(~1)re7"

S0
(-2)"

Z (2 + n)n

1) Converges absolutely
2) Diverges
3) Converges absolutely



Exercises

Show that > g—r,' converges for every real number r.
b |
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Root test

Note:
Z cos(7n)nP
107
does not work for ratio test, since we have to divide by cos(7n),
which might be small.
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Root test

Note:

Z cos(7n)nP
107
does not work for ratio test, since we have to divide by cos(7n),
which might be small.
Theorem: Let )  a, be a series.
1) If limp_e0 |a@n| /" = L < 1, then series converges absolutely.
2) If limp_ o |an\1/” = L > 1 or — oo, the series diverges.
3) If liMp—00 |an|"/" = 1, no information.
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Exercises

Use the root test to determine if the following series converge
absolutely, converge conditionally, or diverge:

Z cos(7n)nP
107 we G’u‘\& s oy
Z (—=2)" A The Eﬁ‘hc\,\
(24 n)" bot— rost— rest
n 1 1= @nsu
Z(_1) (n3_|_-|)1/2 =

= ()
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Exercises

Use the root test to determine if the following series converge
absolutely, converge conditionally, or diverge:

Z cos(7n)nP
107

(=2)"

Z (2 + n)"

n 1
Z(_1) (N3 4+ 1)1/2

n n
> ()
1) Converges absolutely

2) Converges absolutely
3) No information, but comparison test implies it converges

absolutely
4) Diverges




