Improper Integrals
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Motivation
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Second one is meaningless since 1/x is not continuous at
x =0.
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Motivation cont’'d
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What does it mean to evaluate at oco?
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What does it mean to evaluate at co? Second one is not as
nice...
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@ Does f(f1/(1 + x?)dx exist for each t > 0?
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@ Does f(f1/(1 + x?)dx exist for each t > 0?
= arctan(t) — arctan(0) = arctan(t). Yes.



1
ax :
/0 14 x2

@ Does f(f1/(1 + x?)dx exist for each t > 0?
= arctan(t) — arctan(0) = arctan(t). Yes.

@ Does lim; o f3 1/(1 + x?)dx exist?
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@ Does f(f1/(1 + x?)dx exist for each t > 0?
= arctan(t) — arctan(0) = arctan(t). Yes.

@ Does lim; o f3 1/(1 + x?)dx exist?
= lim;_,(arctan(t)) = = /2. Yes.
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@ Does f(f1/(1 + x?)dx exist for each t > 0?
= arctan(t) — arctan(0) = arctan(t). Yes.

@ Does lim; o f3 1/(1 + x?)dx exist?
= lim;_,(arctan(t)) = = /2. Yes.

Then [ 1J:de converges, and converges to /2.
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@ Does [, x~'/2dx exist for each t > 1?
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@ Does [, x~'/2dx exist for each t > 1? = 2'/2 — 2, yes.
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@ Does [, x~'/2dx exist for each t > 1? = 2'/2 — 2, yes.

@ Does lim; .., [ x"/2dx exist? Nope.



Type 1 example

/ x1/2dx
1

@ Does [, x~'/2dx exist for each t > 1? = 2'/2 — 2, yes.

@ Does lim; .., [ x"/2dx exist? Nope.
Diverges.



Exercise

Determine whether the following integral converges or diverges,
and compute the integral if it converges:
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Exercise

Determine whether the following integral converges or diverges,
and compute the integral if it converges:
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Exercise

Determine whether the following integral converges or diverges,
and compute the integral if it converges:

/ X "2dx
1

What about [ x~2dx? [°. x2dx does not make sense (yet).
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converges for p > 1 and diverges for p < 1.



> 1
/1 de

converges for p > 1 and diverges for p < 1.

t t—pP 1
1 In|t| —In1, p=1.

This converges if and only if p > 1 so that 1 — p is a negative
power.
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Type 2 example

converges for p < 1 and diverges for p > 1.



Type 2 example

converges for p < 1 and diverges for p > 1.
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Converges if 1 — p is a positive power.



DEFINITION Improper Integrals over Infinite Intervals

1. If f is continuous on [a, « ), then YA

[1000= g 10

2. If f is continuous on (—<¢, b], then vA

[[seyar= tim ["f(x)ax
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3. If f is continuous on (—2, =), then YA
f " f(x)dx = lim f “f(x) dx
—x a-—-—>—x Ja

b
+lim | f(x) dx,

b= Jc t

where c is any real number. It can be shown that the choice of ¢ does not affect the
value or convergence of the original integral.

If the limits in cases 1-3 exist, then the improper integrals converge; otherwise,
they diverge.
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DEFINITION Improper Integrals with an Unbounded Integrand

1. Suppose f is continuous on (a, b] with
lim f(x) = *o.Then
x—*a

Lbf(X)dx = C£T+ Lbf(x)dx.

2. Suppose f is continuous on [a, b) with
lin’}_ f(x) = X . Then
X

[t = iy [0

3. Suppose f is continuous on [a, b] except at
the interior point p where f is unbounded.
Then

fbf(x)dx= lim ch(x)dx+ lim jbf(x)dx
a c—p~ Ja d—'p+ d '

If the limits in cases 1-3 exist, then
the improper integrals converge;
otherwise, they diverge.
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THEOREM 8.2 Comparison Test for Improper Integrals
Suppose the functions f and g are continuous on the interval [a, %), with
f(x) = g(x) = 0, forx = a.

1. If [ "f(x) dx converges, then [ “g(x) dx converges.
2. If f . g(x) dx diverges, then f . f(x) dx diverges.
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