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Definitions

Definition: Let {cn} be a sequence, and let x be a real number.
1X

n=0

cnxn

is called a power series. (Since x shows up in “powers”.)

If a is a real number, then
1X

n=0

cn(x � a)n

is called a power series centered at a. (Since (x � a) shows
up in powers).
Example:

1X

n=0

sin(nx)
n2

is not a power series.

Power series
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Examples

Our favorite series is the geometric series: For |x | < 1, power
series

1X

n=0

xn =
1

1 � x

We can let x vary over (�1, 1), which gives a function

f (x) =
1

1 � x
.

We say
P1

0 xn represents f (x) on the interval (�1, 1).
f (x) makes sense for x 6= 1, but power series only makes
sense for x in (�1, 1).

Power series
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Example

Find a function represented by the series

1X

n=0

(3x � 2)n

Looks like a geometric series r = 3x � 2.  
1X

n=0

(3x � 2)n =
1

1 � (3x � 2)
=

1
3 � 3x

Converges when |r | = |3x � 2| < 1, or |x � 2/3| < 1/3.

Power series
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Exercise

Find a function represented by
1X

n=1

(�1)n(2x + 1)n

For which values of x does the series converge?

Geometric:
r = �(2x + 1),

so converges for |x + 1/2| < 1/2. Converges to:

f (x) =
1X

n=1

(�(2x + 1))n = (�(2x + 1))
1X

n=0

(�(2x + 1))n

=
�(2x + 1)

1 � (�(2x + 1))
= �2x + 1

2 + 2x

on (�1/2 � 1/2,�1/2 + 1/2) = (�1, 0).
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Example

Power series often use ratio test:

For which values of x does the following series converge?

1X

n=12

(3x)n

n!

Ratio test: an = (3x)n

n! for n � 12, so

����
an+1
an

���� =

������

(3x)n+1

(n+1)!
(3x)n

n!

������
=

����
(3x)n+1n!

(n + 1)!(3x)n

����

=
3x

n + 1
! 0

for all x . Series converges for every x .

Power series
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Exercise

For which values of x does the following series converge?

1X

n=2

(4x � 9)2n

(n + 1)!

Ratio test: an = (4x�9)2n

(n+1)!

������

(4x�9)2(n+1)

((n+1)+1)!
(4x�9)2n

(n+1)!

������
=

|(4x � 9)2|
n + 2

! 0,

no matter what x is.
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Radius of convergence

Definition/Theorem: Let
P1

n=0 cn(x � a)n be a power series
centered at a. Exactly one is true:
1) series diverges (except when x = a)
2) series converges for all x
3) there is a number R > 0 such that series converges for
|x � a| < R and diverges for |x � a| > R.

That is, converges for
x in (a � R, a + R), diverges if x > a + R or x < a � R

In (3), R is called the radius of convergence (rad. of conv.) In
(2), we say infinite rad. of conv.

Examples:
1)
P1

n=1 n!(x � 2)n converges only at x = 2
2)
P1

n=12
(4x�9)2n

(n+1)! has infinite rad. of conv.

Power series
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More on (3)

(3) says < R or > R. What about = R?

Examples:

3a)
P1

n=0(3x � 2)n has rad. of conv. 1/3. Converges on
(1/3, 1).
Diverges if |3x � 2| � 1, on (�1, 1/3] and [1,1)

3b)
P1

n=0
(3x�2)n

n has rad. of conv. 1/3. Converges if
(3x � 2) = �1, diverges if 3x � 2 � 1: converges on [1/3, 1),
diverges otherwise.

3c)
P1

n=0
(3x�2)n

n2 converges also if 3x � 2 = 1, so converges on
[1/3, 1] diverges otherwise.

Power series
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Example

Find a power series centered at a = 0 representing the function
f (x) = 2x

1+x2 . What is the rad. of conv.?

f (x) = 2x
✓

1
1 � (�x2)

◆
= 2x

1X

n=0

(�x2)n = 2x � 2x3 + 2x5 ⌥ ...

Or,

f (x) =
1X

n=0

2(�1)nx2n+1

Rad. of conv. is when
�����
2(�1)n+1x2(n+1)+1

2(�1)nx2n+1

����� = |x2| < 1,

or |x | < 1.

Power series
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Exercise

Find a power series centered at a = 0 representing the function
f (x) = x3

4+x What is the rad. of conv.?

f (x) = x3 1
4(1 + x/4)

=
x3

4

✓
1

1 � (�x/4)

◆
=

x3

4

1X

n=0

(�1)n
⇣x

4

⌘n

or

f (x) =
1X

n=0

(�1)n4�n+1xn+3 =
1X

m=3

(�1)�m+34�m+2xm

(replacing m = n + 3)
Rad. of conv. is when |4�1x | < 1, or |x | < 4. R = 4.

Power series
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Differentiation and Integration

Theorem:
Let f (x) =

P1
n=0 cn(x � a)n be a power series centered at a,

with radius of convergence R > 0 (converges on
(a � R, a + R)). Then f is differentiable and integrable on
(a � R, a + R), and you can differentiate or integrate term by
term.

d
dx

1X

n=0

cn(x � a)n =
d
dx

(c0 + c1(x � a) + c2(x � a)2 + c3(x � a)3 + ...)

= c1 + 2c2(x � a) + 3c3(x � a)3 + ...

=
1X

n=1

ncn(x � a)n�1.

Z 1X

n=0

cn(x � a)ndx =
1X

n=0

cn

n + 1
(x � a)n+1 + C

+C necessary here!

Power series
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Example

Find a power series representation of f (x) = 1
(1+2x)2 centered

at a = 0. What is the radius of convergence?

f is a derivative:

d
dx

✓
1

1 + 2x

◆
=

�2
(1 + 2x)2 = �2f (x)

d
dx

✓
1

1 + 2x

◆
=

d
dx

1X

n=0

(�2x)n =
1X

n=0

(�2n)(�2x)n�1.

Reindex

 �2
1X

n=0

(n + 1)(�2x)n = �2f (x)

Rad. of conv. Ratio test |2x | < 1, so R = 1/2.

Power series














































































Example

Find a power series representation of f (x) = 1
(1+2x)2 centered

at a = 0. What is the radius of convergence?
f is a derivative:

d
dx

✓
1

1 + 2x

◆
=

�2
(1 + 2x)2 = �2f (x)

d
dx

✓
1

1 + 2x

◆
=

d
dx

1X

n=0

(�2x)n =
1X

n=0

(�2n)(�2x)n�1.

Reindex

 �2
1X

n=0

(n + 1)(�2x)n = �2f (x)

Rad. of conv. Ratio test |2x | < 1, so R = 1/2.

Power series














































































Example

Find a power series representation of f (x) = 1
(1+2x)2 centered

at a = 0. What is the radius of convergence?
f is a derivative:

d
dx

✓
1

1 + 2x

◆
=

�2
(1 + 2x)2 = �2f (x)

d
dx

✓
1

1 + 2x

◆
=

d
dx

1X

n=0

(�2x)n =
1X

n=0

(�2n)(�2x)n�1.

Reindex

 �2
1X

n=0

(n + 1)(�2x)n = �2f (x)

Rad. of conv. Ratio test |2x | < 1, so R = 1/2.

Power series














































































Example

Find a power series representation of f (x) = 1
(1+2x)2 centered

at a = 0. What is the radius of convergence?
f is a derivative:

d
dx

✓
1

1 + 2x

◆
=

�2
(1 + 2x)2 = �2f (x)

d
dx

✓
1

1 + 2x

◆
=

d
dx

1X

n=0

(�2x)n =
1X

n=0

(�2n)(�2x)n�1.

Reindex

 �2
1X

n=0

(n + 1)(�2x)n = �2f (x)

Rad. of conv. Ratio test |2x | < 1, so R = 1/2.

Power series














































































Example

Find a power series representing ln(1 + 3x) centered at a = 0.
What is the radius of convergence?

ln(1 + 3x) = 3
Z ✓

1
1 + 3x

◆
dx + C

ln(1 + 3x) = 3
Z  1X

n=0

(�3x)n

!
dx

= 3
1X

n=0

(�3x)n+1

(�3)(n + 1)
+ C

How do you find C? Plug in x = 0: ln(1 + 3 · 0) = ln(1) = 0. In
series:

1X

n=0

(�3 · 0)n+1

n + 1
+ C = C

So C = 0.

Power series
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Exercise

Find a power series representing ln
⇣

1+x
1�x

⌘
.

ln

✓
1 + x
1 � x

◆
= ln(1 + x)� ln(1 � x)

=

Z  1X

n=0

(�x)n +
1X

n=0

xn

!
dx

=
1X

n=0

✓
�(�x)n+1

n + 1
+

xn+1

n + 1

◆
+ C

=
X

n even
2

xn+1

n + 1
.
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Taylor series motivation

Let f (x) = 5 � 4x + 2x2 + x3.

f (0) = 5, f 0(0) = (�4 + 4x + 3x2)|x=0 = �4,

f 00(0) = (4 + 6x)|x=0 = 4, f 000(0) = 6.

f (x) = f (0) + f 0(0)x +
f 00(0)

2
x2 +

f 000(0)
6

x3.

Power series
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Different center?

Now let f (x) = 5 � 4x + 2x2 + x3. Find a power series
representing f centered at a = 1.

Polynomials are easy:

f (x) = 5 � 4(x � 1 + 1) + 2(x � 1 + 1)2 + (x � 1 + 1)3

= 5 � 4(x � 1)� 4 + 2(x � 1)2 + 4(x � 1) + 2

+ (x � 1)3 + 3(x � 1)2 + 3(x � 1) + 1

= 4 + 3(x � 1) + 5(x � 1)2 + (x � 1)3.

f (1) = 5 � 4 + 2 + 1 = 4, f 0(1) = �4 + 4 + 3 = 3,

f 00(1) = 10, f 000(1) = 6.

So

f (x) = f (1) + f 0(1)(x � 1) +
f 00(1)

2
(x � 1)2 +

f 000(1)
6

(x � 1)3.

Power series
































































































































Exercise

Let f (x) = sin x . Find a power series centered at a = 0
representing f . What is the radius of convergence? f (0) = 0,
f 0(0) = 1, f 00(0) = 0, f 000(0) = �1, ... so

f (n)(0) =

(
0, n odd,
(�1)k , n even, n = 2k .

f (x) = 0 + x + 0 +
�1
3!

x3 + 0 +
1
5!

x5...

=
1X

m=0

(�1)m x2m+1

(2m + 1)!

Does the derivative of this series equal cos x?

Power series
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Example

Let f (x) = e2x . What is f (10)(2)?

f (x) =
1X

n=0

(2x)n

n!
.

doesn’t quite work, since coefficients have information about f
at a = 0.

e2x = e2(x�2+2) = e2(x�2)+4 = e4e2(x�2),

so

f (x) = e4
1X

n=0

(2(x � 2))n

n!

then cn = e4 2n

n! =
f (n)(2)

n! , so f (10)(2) = e42n.

Power series
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Exercise

Let f (x) = sin(3x). Find f (10)(1).

sin(3x) = sin(3(x � 1 + 1)) = sin((3(x � 1) + 3)
= sin(3(x � 1)) cos3 + sin 3 cos(3(x � 1)),

so

f (x) = cos(3)
1X

n=0

(�1)n (3(x � 1))2n+1

(2n + 1)!
+sin(3)

1X

n=0

(�1)n (3(x � 1))2n

(2n)!

If k = 2n + 1 is odd, then ck = (�1)n cos(3) 32n+1

(2n+1)! , and if

k = 2n is even, ck = (�1)n sin(3) 32n

(2n)! .

k = 10 n = 5, so

f (10)(1) = sin(3)310

Power series
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Taylor polynomials

If a function f has a power series, then it is the limit of the
sequence of partial sums.

If the Taylor series for f is

1X

n=0

f (n)(a)
n!

(x � a)n,

Then partial sums are
T0 = f (a)

T1 = f (a) + f 0(a)(x � a),

In general,

Tn = f (a) + f 0(a)(x � a) +
f 00(a)

2
(x � a)2 + ...+

f (n)(a)
n!

is a polynomial of degree n.

Power series
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Taylor polynomials
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Convergence and remainders

Let f (x) be a function having derivatives of all orders on an
interval (a � R, a + R), and let Tn be the nth Taylor polynomial.
The nth remainder Rn is Rn(x) = f (x)� Tn(x).

Theorem:
1) If Rn(x) ! 0 as n ! 1 for every x in (a � R, a + R), then
f (x) is equal to its Taylor series on (a � R, a + R). (f is then
called analytic)
2) For a � R < x < a + R, The remainder Rn(x) satisfies

Rn(x) =
f (n+1)(z)
(n + 1)!

(x � a)n+1

with z somewhere between x and a. (Important! We don’t know
what z is.)

Power series














































































Convergence and remainders

Let f (x) be a function having derivatives of all orders on an
interval (a � R, a + R), and let Tn be the nth Taylor polynomial.
The nth remainder Rn is Rn(x) = f (x)� Tn(x).

Theorem:
1) If Rn(x) ! 0 as n ! 1 for every x in (a � R, a + R), then
f (x) is equal to its Taylor series on (a � R, a + R). (f is then
called analytic)

2) For a � R < x < a + R, The remainder Rn(x) satisfies

Rn(x) =
f (n+1)(z)
(n + 1)!

(x � a)n+1

with z somewhere between x and a. (Important! We don’t know
what z is.)

Power series














































































Convergence and remainders

Let f (x) be a function having derivatives of all orders on an
interval (a � R, a + R), and let Tn be the nth Taylor polynomial.
The nth remainder Rn is Rn(x) = f (x)� Tn(x).

Theorem:
1) If Rn(x) ! 0 as n ! 1 for every x in (a � R, a + R), then
f (x) is equal to its Taylor series on (a � R, a + R). (f is then
called analytic)
2) For a � R < x < a + R, The remainder Rn(x) satisfies

Rn(x) =
f (n+1)(z)
(n + 1)!

(x � a)n+1

with z somewhere between x and a. (Important! We don’t know
what z is.)

Power series














































































Example

f (x) = ex . For every n, we have f (n)(x) = ex . The seriesP1
0

xn

n! has infinite radius of convergence.

Question: does it actually converge to ex?
Check: does Rn(x) ! 0?

Tn(x) = 1 + x +
x2

2
+

x3

3!
+ ...+

xn

n!
.

Power series
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Example continued

Fix an x0. Need to show Rn(x0) ! 0 for this x0.

Rn(x0) =
f (n+1)(z)
(n + 1)!

xn+1
0 ,

for some z between x0 and 0. This is

Rn(x0) =
ez

(n + 1)!
xn+1

0 .

For a fixed x0, |z|  |x0|, so ez is bounded by e|x0|. Since x0 is
frozen,

e|x0|xn+1
0

(n + 1)!
! 0

as n ! 1 (why?).

Power series
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Exercise

Let f (x) = sin(x). Prove that the Taylor series for sin(x)
converges to sin(x).

Look at remainders:

Rn(x) =
f (n+1)(z)
(n + 1)!

xn+1.

f (n)(z) = ± sin(z), or ± cos(z), which are all bounded by 1.
Hence

|Rn(x)| 
|x |n+1

(n + 1)!
! 0

Power series














































































Exercise

Let f (x) = sin(x). Prove that the Taylor series for sin(x)
converges to sin(x).
Look at remainders:

Rn(x) =
f (n+1)(z)
(n + 1)!

xn+1.

f (n)(z) = ± sin(z), or ± cos(z), which are all bounded by 1.
Hence

|Rn(x)| 
|x |n+1

(n + 1)!
! 0

Power series














































































Exercise

Let f (x) = sin(x). Prove that the Taylor series for sin(x)
converges to sin(x).
Look at remainders:

Rn(x) =
f (n+1)(z)
(n + 1)!

xn+1.

f (n)(z) = ± sin(z), or ± cos(z), which are all bounded by 1.
Hence

|Rn(x)| 
|x |n+1

(n + 1)!
! 0

Power series














































































Examples

Taylor series we know:
1

1
1 � x

=
1X

0

xn, |x | < 1,

2

ex has T.S.
1X

0

xn

n!
any x

3

sin x has T.S.
1X

0

(�1)n x2n+1

(2n + 1)!
any x

4

cos x has T.S.
1X

0

(�1)n x2n

(2n)!
any x

Power series














































































Examples without T.S.

Example f (x) = |x � 2|.

f not differentiable at x = 2 (why?)
That means f cannot have a Taylor series centered at a = 2.
What about other a?
More interesting: Let

f (x) =

(
e�1/x , x > 0,
0, x  0

Can show that f has derivatives of all orders, and f (n)(0) = 0 for
all n � 0. That means the T.S. for this f is

1X

n=0

0
n!

xn = 0

which is not f (x).

Power series
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0
n!

xn = 0

which is not f (x).
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Application

Let f (x) = x
(1�2x)2 . Find a power series for f centered at a = 1

and use it to compute f (10)(1).

Let g(x) = 1
1�2x , g0(x) = 2

(1�2x)2 , so f (x) = 1
2xg0(x).

g(x) =
1

1 � 2(x � 1 + 1)
= � 1

1 + 2(x � 1)
= �

1X

0

(�2(x � 1))n

(where does it converge?)

1
2

xg0(x) =
1
2
((x � 1) + 1)(�

1X

0

n(�2(x � 1))n�1(�2))

=
1X

0

n(�2)n�1(x � 1)n +
1X

0

n(�2)n�1(x � 1)n�1

Coefficient of (x � 1)10 is f (10)(1)
10! = (10(�2)9 + 11(�2)10).

Power series
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Exercise

Let f (x) = x+3
1�2x . Find a power series for f centered at a = �1

and use it to compute f (100)(�1).

f (x) = ((x + 1) + 2)
1

3 � 2(x + 1)

=
1
3

1X

0

✓
2
3

◆n
(x + 1)n+1 +

2
3

1X

0

✓
2
3

◆n
(x + 1)n

Coefficient of (x + 1)100 is

f (100)(�1)
100!

=

 
1
3

✓
2
3

◆99
+

2
3

✓
2
3
)100

◆!
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Exercise

Let f (x) = x cos(x). Find a Taylor series for f . Prove that the
Taylor series converges to f . You may use the Taylor series for
cosine:

1X

n=0

(�1)n x2n

(2n)!

Taylor series for f :
1X

n=0

(�1)n x2n+1

(2n)!

Remainder: Fix x0. For each N, there is a z between 0 and x0
such that

RN(x0) =
f (N+1)(z)
(N + 1)!

(x0)
N+1

Power series
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Continued..

Need to understand derivatives of f .

For every k , f (k) is a polynomial of degree at most 1 times sin x
and/or cos x . The largest coefficients in these polynomials
⇠ 2N+1.

 |RN(x0)| .
2N+1

(N + 1)!
|x0|N+1 ! 0

as N ! 1.

Power series
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Exercise

Let f (x) = (1 + x4) cos(2x). Find f (29)(0). Find f (30)(0).

Taylor series centered at a = 0:

1X

n=0

(�1)n x2n

(2n)!
+

1X

n=0

(�1)n x2n+4

(2n)!

Coefficient of x29 is 0, since f is an even function! Coefficient of
x30 is ... 30 = 2 · 15, so in first sum n = 15, in second sum
n = 13, so coefficient of x30 is

f (30)(0)
30!

= (�1)
1

30!
+ (�1)

1
26!

Power series
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