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Big Picture for today

Big Picture: 1) Directional derivatives are generalizations of
partial derivatives to “different directions”.
2) The gradient can be used to find steepest ascent.
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F(a) ,'71“0 fl(a+ h) — f(a)
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Recall: We defined 1, (when it exists) as

. fla+h,b)—f(a b

This says “go forward in the x direction ((a + h, b)) and subtract
at (a,b)”

~ (forward difference in x direction)/(positive h).
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2 dimensions

Recall: We defined 1, (when it exists) as

. fla+h,b)—f(a b

This says “go forward in the x direction ((a + h, b)) and subtract
at (a,b)”

~ (forward difference in x direction)/(positive h).

Vector idea: A point (a, b) is the same as a position vector
(a,b). ~ f(a, b) = height above position vector (a, b).

~ f(a+ h, b) = height above position vector (a + h, b).

(@a+h,b) =(a,b)+ (h,0) =(a,b) + h(1,0)
This is (a, b) + step of size hin (1,0) direction.
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(a,b) + h(—1,0) is a backwards step in the x direction.
Definition: Let D be a domain in R?, f : D — R a differentiable
function. Let u = (uy, U>) be a unit vector. The directional
derivative of f in the direction u is
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Vary x direction, or (1,0) direction

{(a, b) {a,b)+ h(1,0)

a0

Figure: Stepping by hin the x direction.
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Vary the u direction

Figure: Stepping by h in the u direction.
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Let f = x® + y?, (a,b) = (1,0), and u = (uy, U>) be a unit
vector. Compute Dyf(a, b).

— f({1
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—

. ((1 ‘|‘ hU1 )2 —|— (hU2)2) — (12 _|_ 02)
= |Iim

h—0 h

__ 2huy + HPUf + heus
= lim

h—0 h
= 2U4.

Does it agree with our mental picture? Larger u; means more
in x direction. u; = 0 means only the y direction.

Directional Derivatives



Let f = x® + y?, (a,b) = (1,0), and u = (uy, U>) be a unit
vector. Compute Dyf(a, b).

Duf(1,0) = lim f((1,0) +h<U1}7U2>) — f({1,0))
—
. ((1 ‘|‘ hU1 )2 —|— (hU2)2) — (12 _|_ 02)
= |Iim
h—0 h
__ 2huy + HPUf + heus
= lim
h—0 h
= 2U4.

Does it agree with our mental picture? Larger u; means more
in x direction. uy = 0 means only the y direction. uy < 0 means
backwards x direction.
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Computing the directional derivative

Look at the difference quotient:

f(a+ huy, b+ hus) — f(a, b)
h
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First part is a y derivative, second part is an x derivative. Chain
rule ~

im f(a+ huy, b+ hus) — f(a, b)
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Let f = x® + y?, (a,b) = (1,0), and u = (uy, U>) be a unit
vector. Compute Dyf(a, b).
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Does it agree with our mental picture? Larger u; means more
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Exercise

Let f(x,y) = x? + 100y2. Find D,f(1
=(1,0),u= <O,1>,andu:<

1) for the vectors

)

~

§|*

Ta

Directional Derivatives



Exercise

Let f(x, y) = x® 4+ 100y2. Find Dyf(1, 1) for the vectors

u=(1,0),u=(0,1),andu = <%,%>
f(1,1) =2and f,(1,1) = 200. Then

Dy 0f(1,1) =2, Dy 1yf(1,1) = 200,

and
200

2
BDisjva v f1:1) = = + =
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The gradient

Definition: Let D be a domain in R?, f(x,y) : D — R
differentiable. Let (a, b) be a point in D. Then the gradient of f
at (a, b) is the vector

Vi(a, b) = (f(a,b), ,(a,b)).
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f(x,y) = x3 + 2xy? — 9x
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Find the gradient of the following functions:
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Exercises

Find the gradient of the following functions:

f(x,y) = x° + 2xy® — 9x
Vf= <3x2 + 2y -9, 4xy>
f=¢e&Y + ycos(x)
Vi = (ye¥ — ysin(x), xe¥ + cos(x))

f =arctan(y/x), x #0

_ /=Y X

Directional Derivatives



More exercises

Find the gradient of the following functions

sin(sin(xy))
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More exercises

Find the gradient of the following functions

sin(sin(xy))

V1 = (cos(sin(xy)) cos(xy)y, cos(sin(xy)) cos(xy)x)

g(x,y,z) =222y + (1 + x222)~1/2
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More exercises

Find the gradient of the following functions

sin(sin(xy))

V1 = (cos(sin(xy)) cos(xy)y, cos(sin(xy)) cos(xy)x)
g(x,y,z) = 222y + (1 + X222)—1/2

Vg = <—x22(1 +x222)73/2 272 4zy — x2z(1 + x222)—3/2>
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V1 = (cos(sin(xy)) cos(xy)y, cos(sin(xy)) cos(xy)x)
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g= 3y2 arccos(z) — 191In(1 + X222)
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More exercises

Find the gradient of the following functions

sin(sin(xy))

V1 = (cos(sin(xy)) cos(xy)y, cos(sin(xy)) cos(xy)x)
9(x,y,2) =228y + (1 + x?2%)7"/%
Vg = <—xz2(1 +x222)73/2 272 4zy — x2z(1 + x222)—3/2>

g= 3y2 arccos(z) — 191In(1 + X222)

Vg = —L(ZXZZ) 6y arccos(Z) —3y° __ 1 (2x°Z)
I=\ "1 x2z hed 'V1-—22 14 x222
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Directional Derivatives



Application: steepest ascent/descent

Recall: Last time we saw that if u is a unit vector, then
Duf = Vf-u. We can use this to find the steepest direction:
Find u such that Dyf is as large as possible.
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Find u such that Dyf is as large as possible.

Example: f(x,y) = x2 + y?, Vf = (2x,2y). At (1,0), direction
(1,0) should be steepest.
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Application: steepest ascent/descent

Recall: Last time we saw that if u is a unit vector, then

Duf = Vf-u. We can use this to find the steepest direction:
Find u such that Dyf is as large as possible.

Example: f(x,y) = x2 + y?, Vf = (2x,2y). At (1,0), direction
(1,0) should be steepest.

Duf(1,0) = VF(1,0) - (1,0) = (2,0) - (1,0) = 2.
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Application: steepest ascent/descent

Recall: Last time we saw that if u is a unit vector, then

Duf = Vf-u. We can use this to find the steepest direction:
Find u such that Dyf is as large as possible.

Example: f(x,y) = x2 + y?, Vf = (2x,2y). At (1,0), direction
(1,0) should be steepest.

Dyf(1,0) = V{£(1,0)-(1,0)

Any unit vector can be written u = (cos,sin 6), so

(2,0) - (1,0) = 2.

Dyf(1,0) = (2,0) - (cosf,sinf) = 2cos ¥,

which has max 2 at ¢ = 0, and min —2 at § = .
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Application: steepest ascent/descent

Recall: Last time we saw that if u is a unit vector, then

Duf = Vf-u. We can use this to find the steepest direction:
Find u such that Dyf is as large as possible.

Example: f(x,y) = x2 + y?, Vf = (2x,2y). At (1,0), direction
(1,0) should be steepest.

Dyf(1,0) = V{£(1,0)-(1,0)

Any unit vector can be written u = (cos,sin 6), so

(2,0)-(1,0) = 2.

Dyf(1,0) = (2,0) - (cosf,sinf) = 2cos ¥,

which has max 2 at ¢ = 0, and min —2 at § = . These are the
directionsu = (1,0) and u = (—1,0).
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Another example

Let f = x? + y2. Find u so that Dyf(—1, 1) is maximized.
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Another example

Let f = x? + y2. Find u so that Dyf(—1, 1) is maximized.

Vi(—1,1) =(-2,2) - (cos,sinf) = —2cos + 2sin 6
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Another example

Let f = x? + y2. Find u so that Dyf(—1, 1) is maximized.
Vi(—1,1) =(-2,2) - (cos,sinf) = —2cos + 2sin 6

Find critical points: g() = —2cos 6 + 2sin 6.
g =2sinf +2cosf =0 whensinf = —cosh, so § =3r/4 or
—m/4.
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Another example

Let f = x? + y2. Find u so that Dyf(—1, 1) is maximized.
Vi(—1,1) =(-2,2) - (cos,sinf) = —2cos + 2sin 6

Find critical points: g() = —2cos 6 + 2sin 6.
g =2sinf+2cosf =0 whensinf = —cosf, so 0 = 3r/4 or
—m /4.

g(3r/4) = V2 + V2.

Directional Derivatives



Exercise

Let f = xy. Find Vf(v/3,—1). Find Dy _1,f(v/3,—1). Find u
which maximizes Dyf(v/3, —1).
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Exercise

Let f = xy. Find Vf(v/3,—1). Find Dy _1,f(v/3,—1). Find u
which maximizes Dyf(v/3, —1).

V3, —1) = <—1,\/§>.
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Exercise

Let f = xy. Find Vf(v/3,—1). Find Dy _1,f(v/3,—1). Find u
which maximizes Dyf(v/3, —1).

V3, —1) = <—1,\/§>.

Dio—1yf(V3,~1) = (~1,V3) - (0,~1) = —V3
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Exercise

Let f = xy. Find Vf(v/3,—1). Find Dy _1,f(v/3,—1). Find u
which maximizes Dyf(v/3, —1).

V3, —1) = <—1,\/§>.

D(O,—1>f(\/§7 _1) — <_1’\/§> : <07_1> — _\/§
If u = (cosf,sin6), then
Duf(v/3,—1) = —cosf 4+ v/3sin 6

is maximized when sinf + v/3cosf = 0, or tan = —/3, so
6 =2r/3 or —/3. Max is where § = 27/3.
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