Homework #10
1. Consider the integral [i 2y
(i) Use the contour pictured in A) to derive the value 7/4 for the integral.

(ii) Use the contour pictured in B) to derive the same value for the integral.

2. Use the contour pictured in C) to compute that [;° l_.ffrl = %

sinx

3. (i) Use the contour pictured in A) to compute f;* #

gy (ii) Explain why
contour B) does not help to compute this integral.

4. (i) Use the integrand (e®* — ¢)/22 and the contour pictured in D) to derive

/ wng(b_a) a>0,b>0
0

22

(ii) using that 1 — cos(2z) = 2sin® 7, together with the above, show that

> sin? T
dr ==
/0 2 v 2
5. Show that

) o opz T
di= dr = ; e C,0 < R(p) <1,
/ﬂof(x) v /,00 1+-e® v sin mp 4 ()

by integrating f(z) around the rectangle with vertices R, R+ 2mi, —R+2mi, —R,
using residues, and letting R — oco. Make sure to show that the integrals along
the vertical sides of the rectangle vanish as R — oo.
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= . T dx . . 1
1 U\ The integral !W can be evaluated using the function f(z)= (T’T)’ and the same

simple closed contour as in A . Here

f dx dz

+ =2m
(x2 + l)2 Ca (z2 +1)? 2%iB,

1
where B= l}sis (zz_:l)_z Since

1 _ 9@
@+ (-

=

we readily find that B = ¢/(i) = 4%" and so
f & o _d
REP+DT 2 Ja@+)
If zis a pointon Cg, we know from Exercise 1 that

1Z2+112R*-1;
thus
T
"R ___ B

S(R’-l)z_ ] >0 as R—oe
(1-7)

J' dz
(2 +1)

The desired result is, then,
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a » The problem here is to establish the integration formula f ;ix
x
0

] using the simple
+1 33 e g

closed contour shown below, where R> 1.

There is only one singularity of the function f(z)= l+1, namely z, = e™, that is interior

to the closed contour when R>1. According to the resxdue theorem,

j j’ =27iRes——,
az’+1 ‘az +l az +1 =5 7" +1

where the legs of the closed contour are as indicated in the figure. Since C, has parametric
representation z=r (0<r<R),

R
Gz +1 {

and, since —C, can be represented by z = re?** (0<r<R),

J’ dz 'f e.iZXIJdr _ eﬂ"sf dr .
a7+l a7 +l 3 (re™?)’ +1 orl+1
Furthermore,
1 1 1
Res——=—=—7
62 +1 32k 367
Consequently,
R "
i dr 2mi dz
l_ i2x/3 = - - .
( € )! r3 +1 3e12:/3 [ z! +l
But

2R
—_— 0 oo,
IC:Z +1 R’ 1 3 s R

This gives us the desired result, with the variable of integration r instead of x:

f dr 27 _ 27i T 2%
P +1 3(e.2;m 50, Sy TP —mm) 3sin(27/3) 3,\/‘
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b‘b In order to evaluate the integral J __:‘"‘dex
‘ o (X" +D(x"+9)

3

, we introduce here the function

Z o ey . . -
ﬂd:m' Its singularities in the upper half plane are iand 3i, and we
consider the simple closed contour shown below, where R> 3.
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Since
1
Res 2)e” |= =
[f( ) ] (z+x)( +9) )., 16e
and

Re me | 9
Relr@l= +1)(z+31)Jz_,, 16c"

the residue theorem tells us that

f Xe"dx a 1 9
-[,(x +1)( +9) +], et = 2m(_ﬁ—+1«57)'

? Xsinxdx (9 &
,I,,(x’ +1)(x2+9) ‘5(?'1)—Imjc. f(2)e"dz.

Now if zis a point on C,, then
R

If(2)ISM, where My=————— as R— oo,

(RP=1)(R*-9)

So,inviewof Jovdan'y [emnea

,Imjc,f(z)‘hdzlsljc‘f(z)e“dz =0 as R— oo;

and this means that

I x’sinxdx =1(2_1) I sinxds @
L +DET+9)  8ele? S +D)(x*+9)  16e

-1

135



() rdons  Lewma g holda, jur
e ppper lulf pane . Tl & becant
The jevepal e Gui A Yer
thet  fools [ile o250 S te
gt Vo e oo fqte Lowsty
Pl M aud be  ,RSME
e
(ﬂ’\’K TN d@r)wg s RS> i@kaﬂ)

o §W\v\},‘.q%‘ Lileo. 6-Rsiw9:



q.\ \ The main problem here is to derive the integration formula

Icos(ax) —zCOS(bx) dx=%(b—a) (@20,62>0),

° X

using the indented contour shown below.
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Applying the Cauchy-Goursat theorem to the function

e-z_enbz

f@)= o

we have

[ f@dz+ [ f@de+ [, f@dz+ |, f@dz=o,

[, f@de+] f@de=~[ f@rd-|, f@dz.

Since L, and —L, have parametric representations
L:z=re®=r(p<r<R) and -L:z=re"=-r(p<r<R),

we can see that

J S+, f@de=, e[ srde= [ s [T
4 °

rz

_ j (™ + e"") - (ea" +e %
- 2

cos(ar)—zcos(br) dr.
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In order to find the limit of the first integral on the right here as p — 0, we write

1 iaz  (iaz)  (iaz)’ ibz _ (ibz2)* _(ibz)’
f‘z"?[(‘*TT*T*"')'(‘*TT*T*"'

=Ha=b) . 0<ld<).

From this we see that z=0 is a sjmplp pole of f(z), with midu&#,,\= i(a-b). Thus

“ \
/\" lim jc_ f(z)dz=—B,7i =—i(a-b)mi = n(a-b). X

\'\_.

140
As for the limit of the value of the second integral as R — oo, we note that if z is a point on
Cy, then
le“|He™ e +e™ 1
f@)< 7 - ze le = i2
Izl R R R
Consequently,

2 2n
ch‘f(z)JZiSFﬂR—T—)O as R— oo,
Itis now clear that letting p — 0 and R — = yields

2}&3(“’);"—"5(”')4, =n(b-a).
0

4‘“ This is the desired integration formula, with the variable of integration r instead of x.
' Observe that when a=0 and b= 2, that result becomes

Il - co:(Zx) di=r.
° x

But cos(2x) =1-2sin?x, and we arrive at
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5. Show that
P~ b
f ) da = dr = — g peC,0<R(p) <1

oo 1+ €® sin p

by integratmg f(2) around the rectangle with vertices R, R+ 27i, —R+ 27i, —R,
using residues, and letting R — oo. Make sure to show that the integrals along
the vertical sides of the rectangle vanish as R — oo.
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