Homework #11

1. Show that the mapping w = iz is a rotation by 7/2. Then find the image of the
strip 0 < R[z] < 1.

N

. Give a geometric interpretation of the mapping w = iz + 4. Then find the image
of the half plane R[z] > 0.

Show that when a circle is transformed into a circle under the transformation
w = 1/z, the center of the original circle is never mapped onto the center of the
image circle.
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(i) Show that the transformation w = 1/z maps the hyperbola 22 — y?> = 1 in
the z-plane into the lemniscate p* = cos2¢ in the w = pe*-plane. In particular,
what branch of the hyperbola gets mapped onto what lobe of the lemniscate.
Sketch both. In what direction is the particular lobe of the lemniscate traversed
if the corresponding branch of the hyperbola is traversed from negative to positive
values of y? Indicate this in the sketch.

HINT: Use the fact that

(ii) Onto what object does 1/z map the hyperbola 2 — y?> = —1? Sketch the
hyperbola and its image. As in (i), discuss the traversing directions, and include
the results in the sketch.

. Derive that the general linear fractional transformation that maps

(i) 0to0and 1 to1is
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where A is an arbitrary complex parameter;

(i) 0 to 1 and 1 to 0 is
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where A = 1/p is an arbitrary complex parameter;

To what point is co mapped and what point is mapped to oo in each case?
6. (i) If we interpret a linear fractional transformation

_az+b
T e +d

T(z) ad —be #0,

as a transformation of the z-plane onto itself, we can ask if 7" has any fized points,
i.e., points z that satisfy the equation 7'(z) = z. Show that, except for the
trivial cases (¢ = 0 and @ = d, or b = ¢ = 0), there exist two fixed points. If
(d — a)? + 4bc = 0, show that these two points coincide.

(ii) If a linear fractional transformation 7'(z) has two fixed points, say « and 3,
use the cross-ratio to show that 7'(z) is equivalent to the equation

w—« -

w—p8 "z-8
where A # 0 is a complex constant.

(iii) Use (ii) to reproduce the result of 5 (i).



1. Show that the mapping w = iz is a rotation by 7/2. Then find the image of the
strip 0 < R[z] < 1.
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2. Give a geometric interpretation of the mapping w = iz + 7. Then find the image
of the half plane [z] > 0.
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3. Show that when a circle is transformed into a circle under the transformation
w = 1/z, the center of the original circle is never mapped onto the center of the
image circle.
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4. (i) Show that the transformation w = 1/z maps the hyperbola z* — y*> = 1 in
the z-plane into the lemniscate p? = cos2¢ in the w = pe'?-plane. In particular,
what branch of the hyperbola gets mapped onto what lobe of the lemniscate.
Sketch both. In what direction is the particular lobe of the lemniscate traversed
if the corresponding branch of the hyperbola is traversed from negative to positive
values of y? Indicate this in the sketch.

HINT: Use the fact that

(ii) Onto what object does 1/z map the hyperbola 2? — y* = —1? Sketch the
hyperbola and its image. As in (i), discuss the traversing directions, and include
the results in the sketch.
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5. Derive that the general linear fractional transformation that maps

(i) 0to 0 and 1 to 1 is

z

IT=XNz+ X
where A is an arbitrary complex parameter;

(ii) 0 to 1 and 1 to 0 is

w =

z—1 L:—l
z—l_l::—u7

w=

where A = 1/p is an arbitrary complex parameter;

To what point is oo mapped and what point is mapped to oo in each case?
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6. (i) If we interpret a linear fractional transformation

az+b

T(z) = i ad — be # 0,
( cz+d 7

as a transformation of the z-plane onto itself, we can ask if 7" has any fized points,

i.e., points z that satisfy the equation 7'(z) = z. Show that, except for the

trivial cases (¢ = 0 and a = d, or b = ¢ = 0), there exist two fixed points. If

(d — a)* + 4bc = 0, show that these two points coincide.

(ii) If a linear fractional transformation 7'(z) has two fixed points, say a and f,
use the cross-ratio to show that 7°(z) is equivalent to the equation

w—o -«

w—f z-p’

where A\ # 0 is a complex constant.

(iii) Use (ii) to reproduce the result of 5 (i).
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