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Big Picture for today: 13.1 and 13.2

Big Picture: (1) Read the syllabus.

(2) vectors = length and direction = points in space.
(3) vector length can be used as radius for a sphere.
(4) vectors satisfy certain properties
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Welcome and details

Welcome to math 233!
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Welcome and details

Welcome to math 233!
@ Instructor: Derrick Nowak
@ Office hours
@ Email: dtn7@live.unc.edu
@ Website: sakai.unc.edu
9

Text: Calculus: Early Transcendentals 3rd Edition, by
Briggs, Cochran, Gillett, and Schulz,

@ Homework: MyLab (course ID nowak14335) and weekly
worksheets in recitation

@ Midterms: 2, see syllabus for dates
@ Grading: see syllabus
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Let P, Q be points in R?. The vector from P to Q is written PQ.
It has length and direction. P is the tail and Q is the head.

Q
PQ

Figure: Vector from Pto Q.
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Let P, Q be points in R?. The vector from P to Q is written PQ.
It has length and direction. P is the tail and Q is the head.

Q
PQ

Figure: Vector from Pto Q.

Note: “direction” and “length” are independent of the talil.
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Points as vectors

If (x1, y1) is a point in R?, (x4, y1) is the vector from (0, 0) to

(X1, 01). D (,)) ’Bda/uzﬂ‘? ’Pow‘mb avd
<, Y © dewte Jectors

(X1, ¥1)

Figure: Vector from (0,0) to (x1, y1) .
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Points as vectors

If (x1, y1) is a point in R?, (x4, y1) is the vector from (0, 0) to
(x1,¥1)-

(X1, ¥1)

Figure: Vector from (0,0) to (x1, y1) .

|dentify points with vectors (called position vectors).
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Points as vectors

If (x1, y1) is a point in R?, (x4, y1) is the vector from (0, 0) to
(x1,¥1)-

(X1, ¥1)

Figure: Vector from (0,0) to (x1, y1) .

|dentify points with vectors (called position vectors).
Other notations: u, v, etc. and d, v, etc. are used to denote
vectors.
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Points as vectors

If (x1, y1) is a point in R?, (x4, y1) is the vector from (0, 0) to
(x1,¥1)-

(X1, ¥1)

Figure: Vector from (0,0) to (x1, y1) .

|dentify points with vectors (called position vectors).
Other notations: u, v, etc. and d, v, etc. are used to denote

vectors. Question: Whatis (0,0)? Th> s 1e zevovewror
VZwes «no cxvcgcion od O LQ_KTW\
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Scalar multiplication

Scalar multiplication: If (xq, y¢) is a position vector and ais a
real number,

axy,y1) = (axy,ayq) .
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Scalar multiplication

Scalar multiplication: If (xq, y¢) is a position vector and ais a
real number,

a(xy,y1) = (axy,ay) -
Example: Letu = (2,—1) and a = 3. Compute and sketch u
and au.  af= 342,715 = 33,3 4> = <c,-3»
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Scalar multiplication

Scalar multiplication: If (xq, y¢) is a position vector and ais a
real number,

axy,y1) = (axy,ayq) .

Example: Letu = (2,—1) and a = 3. Compute and sketch u
and au.
Question: why is it the same direction?

Scal\ar WKNP\J catm oul'a-\ ch@n&es )ehédh
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Scalar multiplication

Scalar multiplication: If (xq, y¢) is a position vector and ais a
real number,

a(xy,y1) = (axy, ays) .

Example: Letu = (2,—1) and a = 3. Compute and sketch u
and au.
Question: why is it the same direction? Answer: trig!
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Scalar multiplication

Scalar multiplication: If (xq, y¢) is a position vector and ais a
real number,
a(xy,y1) = (axy,ay) -

Example: Letu = (2,—1) and a = 3. Compute and sketch u

and au.
Question: why is it the same direction? Answer: trig!
Exercise: Letv = (3,1) and a = —3 compute and sketch av.

aV= 31> ~ <-9,-3>
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Scalar multiplication

Scalar multiplication: If (xq, y¢) is a position vector and ais a
real number,
a(xy,y1) = (axy,ay) -

Example: Letu = (2,—1) and a = 3. Compute and sketch u
and au.

Question: why is it the same direction? Answer: trig!
Exercise: Letv = (3,1) and a = —3 compute and sketch av.
Definition: Two position vectors u and v are parallel if there
exists a real number a such that u = av.
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Vector addition

Let u = (xy,y1) and v = (xo, yo). Then

U-+V=(X1+X,)1+ o).

e Cas Think S &AA;% vectrovs b" P‘g(}u} e "U:I & o
ch a’h M lﬁt‘-‘&& Q'F "[l,‘ alhg,w
~

~

NtV
noie oo Tha oder dosny matier.
We hev T =¥+,

Revavk: Thig ?conmw\‘g vaey Pcrd'm-t‘m & G"“&O‘M

Yﬂawdr\& oA Qaralelegm Yule.
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Vector addition

Let u = (xy,y1) and v = (xo, yo). Then
U+V= (X4 +Xo, )1+ )o).

Example: Letw = (2, —1).
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Vector addition

Let u = (xy,y1) and v = (xo, yo). Then
U+V= (X4 +Xo, )1+ )o).
Example: Let w = (2, —1). Can write

w=(2,0)+(0,—1)
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Vector addition

Let u = (xy,y1) and v = (xo, yo). Then
U+V= (X4 +Xo, )1+ )o).
Example: Let w = (2, —1). Can write
w=(2,0)+ (0,—1)

“Go 2 in the x direction, followed by —1 in the y direction.”

Qep
Lol-D

1712
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Vector addition

Let u = (xy,y1) and v = (xo, yo). Then
U+V= (X4 +Xo, )1+ )o).
Example: Let w = (2, —1). Can write
w=(2,0)+ (0,—1)

“Go 2 in the x direction, followed by —1 in the y direction.”
Geometric picture: ~» can write v = (x»,0) + (0, y»).
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Vector addition

Let u = (xy,y1) and v = (xo, yo). Then
U+V= (X4 +Xo, )1+ )o).
Example: Let w = (2, —1). Can write
w=(2,0)+ (0,—1)

“Go 2 in the x direction, followed by —1 in the y direction.”
Geometric picture: ~» can write v = (x»,0) + (0, y»).
Then

U+ V= (x1,)1)+ (X2, 0) + (0, yo)

says “start at u. Then go xo in the x direction. Then go y» in the
y direction.”
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Example: Letu = (—1,4) and v = (2,2). Compute u + v and

sketch. s
U = £\Y 2442,
’le*i = L, Ay
TN = ‘Z_-\[é>l
T —>
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Example: Letu = (—1,4) and v = (2,2). Compute u + v and

sketch.
Exercise: Letu = (—1,—1) and v = (3,1). Compute u + v and

sketch.
W= LAy vy 1>
=(—'+3,—| 1)
= <Lz,0>
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Vectors to position vectors

Let P = (xy,y1) and Q = (xo, y») be points in R?. Let
u=(xq,y1) and v = (xo, yo) be the position vectors of P and Q.
Then

(X1, 1) + P 75 (X2, y2)

W?:U—V:<X2—X1,y2—y1>-
Q:(X27y2)

= (X2, ¥2) — (X1, )1)

Llé Fromatic »fnbw‘.\( rude o see ot

M= () - T-F.

Figure: Vector PQ as position vector.
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Vector length

Since u = (xq, y1) = (x1,0) + (0, y1), length is by Pythagorean

formula:
uj = /x4 y2.

X1

Y (X17y1)

length = /x2 + y?

Figure: Length of vector (xy, y1) .
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Example: Letu=(1,2) andv = (—1,2). Find |u| and |v]|.
W= {mvzxr = {Teg = 35 W,V hove  diffevent

_ Aivection 5 but e Saue de
M=y = oy =53 Ui
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Example: Letu=(1,2) andv = (—1,2). Find |u| and |v]|.
Example: Let P=(1,3)and Q = (2,—-2). Compute ]@].

_AF_'P\ ﬁ I.P?lz le'fs'z’: Y\_‘_as;%

a1
-

_— y ¢ \ D Also  yaxe ot P"&=(a-\, -2-37
B

B X =\ ’57
moIRl= e < ==
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Example: Let andv = (—1,2). Find |u| and |v]|.
Example: Let P =(1,3) and Q = (2,—-2). Compute |@].
Exercise: Let ->. Compute |u|. How is u related to
(1,2)?

VW= G al= {Fzrez = {a+2e = {45 =317
R = 242 Sofua. e paValel vexS.

Notice  Hur  )Alzz|= (5 Seon bore -d

HIEAERT TRUENY

YATY,
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Derrick Nowak


Example: Letu=(1,2) andv = (—1,2). Find |u| and |v]|.
Example: Let P=(1,3)and Q = (2,—-2). Compute ]@].
Exercise: Letu = (3,6). Compute |u|. How is u related to
(1,2)?

Exercise: Let P=(2,1) and Q = (6, —2). Compute ]@L

PQ = (6-2,2-1) = L4,-3
>
%, |P8= )443 = Somey = Viom = {=- §
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Directions are given by an angle which can be seen on the unit
circle.

By
./

Figure: Unit vector.
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Directions are given by an angle which can be seen on the unit
circle.

By
./

Figure: Unit vector.

Position vector u = (cos 6, sin 8) has

lu| = (cos? 0 + sin?9)1/2 = 1.
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Directions are given by an angle which can be seen on the unit
circle.

By
./

Figure: Unit vector.

Position vector u = (cos 6, sin 8) has
lu| = (cos? 0 + sin?9)1/2 = 1.

Any vector u with |u| = 1 is called a unit vector. Think of them
as directions on the unit circle.
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Vectors to unit vectors

# 0 (why?) Now, |v|is a

Let v be a vector with v £ 0. Then
numbe

Remacle: Tu e chss i#'s verp mpriae B rewesber
bt ba scalar vs, whet 1 o Veower. Yoo can bt pl
Scalovs ey 2 Molpy vevers oy Scalors | bt oo,
CosT el ti P[T fwo  VeuvS .

V=8 ke oy vesror site =0
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Vectors to unit vectors

Let v be a vector with v # 0. Then |v| £ 0 (why?) Now, |v|is a

number so scalar.
Letu = |17\"- u is a positive scalar multiple of v so it points in

same direction.
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Vectors to unit vectors

Let v be a vector with v # 0. Then |v| £ 0 (why?) Now, |v|is a

number so scalar.
Letu = |‘1,—|v. u is a positive scalar multiple of v so it points in

same direction.
Compute: if v = (x1, 1), V| = (x2 + y2)1/?, s0

1
U= -—V=
V| _
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Vectors to unit vectors

Let v be a vector with v £ 0. Then |v| # 0 (why?) Now, |v| is a
number so scalar.

Letu = |‘1,—|v. u is a positive scalar multiple of v so it points in
same direction.

Compute: if v = (xy, y1), [v| = (¥2 + y2)1/2, s0

and
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Observe that if u = |‘1,—|v, v = |v|u. This is nice because it is

easy to see length = |v| and direction = u unit vector.
Example: Let v = (3,4). Find a unit vector in the direction of v.

Vi= (3| = [Zrv® =$ane= -5
Ler 52 dowere te v Lecrrs They

> = )
V| = <342 {52
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Examples

Exercise: Let v =

- Find a unit vector in the direction
of v.

W(" 1 <1,-82) SNy T 13 =\=

let+ 3 a’amﬂu& nni-vecher. Thet,

-

B Lo LY=L T

Brns  Quesrivn : Jher & e Rection in voddous?

% P K

( 2 " :';/a

13.1 and 13.2: Vectors


Derrick Nowak


Unit vectors in x and y directions are important enough to get
their own notation.

i=(1,0), j=(0,1).
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Unit vectors in x and y directions are important enough to get
their own notation.

i=(1,0), j=(0,1).

Note:
(X1, Y1) = x40+ y1]

says “go xj in the direction of i (x direction), then go y4 in the
direction of j”.
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We have just covered vectors in 2-dimensions, but we can
extend the idea to 3-dimension and more.

Z A

X

Figure: R?3 and right hand rule.
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By fle vipla o e i 2]
boe WW‘“Q the Coorchvd%
v ook D'dec ight-handed

coordinate system
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Points/vectors in R3

.
.

(X1 , Y1,21)

: .
T :
.
. .
: .
.
.
.
.
.
.

y

Figure: R3 and a point (x1, ys, 21).

13.1 and 13.2: Vectors



Points/vectors in R3

.
.

(X1 , Y1,21)

. .
.
. .
. .
.
.
.
.
.
-

y

Figure: R3 and a point (x1, ys, 21).

Position vectoru = (xq, y1, Z1) says “go x; in the x direction,
then y; in the y direction, then z; in the z direction.”
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Example

Example: Plot the point (1,4,1).

—2

Ul‘hl>
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Example: Plot the point (1,4,1).
Exercise: Plot the point (2,1, —1).
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Planes

When z = 0, called xy plane, y = 0 the xz plane, and x = 0 the
yz plane.

e
z/ é//
/

X2 Plav&
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Planes

When z = 0, called xy plane, y = 0 the xz plane, and x = 0 the

yz plane.
If z =5, this is still a plane parallel to the xy plane.
A
s S
/// // _ _/ //
= Z e
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Planes

When z = 0, called xy plane, y = 0 the xz plane, and x = 0 the
yz plane.

If z =5, this is still a plane parallel to the xy plane.

Note that the sides of the box live in planes parallel to the xy,
xz, and yz planes.
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Vectors in R® are similar to vectors in R?. They have a length
and direction. Or point from a point P = (x4, y1, Z1) to

Q = (X2, Y2, 22) (PQ).
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Vectors in R® are similar to vectors in R?. They have a length
and direction. Or point from a point P = (x4, y1, Z1) to

Q= (X2, Y2, 22) (PQ).
A position vector v = (x4, 1, 1) points from (0,0, 0) to

(X1, Y1, 21)-
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Vectors in R® are similar to vectors in R?. They have a length
and direction. Or point from a point P = (x4, y1, Z1) to

Q= (X2, Y2, 22) (PQ).
A position vector v = (x4, 1, 1) points from (0,0,0) to
(X1, ¥1,21). Transform @ into a position vector:

ﬁ.: <X27Y2722> — <X1ay1az1>°

13.1 and 13.2: Vectors


Derrick Nowak


Vectors in R® are similar to vectors in R?. They have a length
and direction. Or point from a point P = (x4, y1, Z1) to

Q= (X2, Y2, 22) (PQ).
A position vector v = (x4, 1, 1) points from (0,0,0) to

(X1, ¥1,21). Transform @ into a position vector:

PQ = <x2,y2,’> — <X1,}’1,.>-

Example: P=(1,2,—-1), Q = (0,4, 2).
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Derrick Nowak


Vectors in R® are similar to vectors in R?. They have a length
and direction. Or point from a point P = (x4, y1, Z1) to

Q= (X2, Y2, 22) (PQ).
A position vector v = (x4, 1, 1) points from (0,0,0) to

(X1, ¥1,21). Transform @ into a position vector:
@ = (X2, Y2,22) — (X1, 1, 21) -
Example: P=(1,2,—1), Q=(0,4,2).

PO=(0-1,4-22—(-1))=(-1,2.3).

13.1 and 13.2: Vectors



Vector operations in R3

Vectors add and scalar multiply:

(X1, 01,21) + (Xo, Y2, 22) = (X1 + Xo, Y1 + V2,21 + 22) ,

and for scalar a,

axy,y1,2y) = <3X1,3Y1,.>-
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Vector operations in R3

Vectors add and scalar multiply:

(X1, 01,21) + (Xo, Y2, 22) = (X1 + Xo, Y1 + V2,21 + 22) ,

and for scalar a,

axi,y1,z1) = (axy, ayr, az) .
Example: Letu=(2,1,0) andv =(—-1,—-1,1). Compute
U+ vand2u — 4v.
N2 L2, 1,07 # L4y = Lar - Vleml o7 A L 00D
AR ~UT = BQ211,07 + =4 L, (P = L U257 + {H ,4,~4>
= {&6&-%

13.1 and 13.2: Vectors



Length

Length in R3 is a little more complicated. Look at box:

Figure: The triangle with bottom edge in xy plane.
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Length

Length in R3 is a little more complicated. Look at box:

z 31» va(weam Theorewn
0,0,z
(©0.9:21) +2
........ — X?’*"‘{?’*Z‘.z
é So
(X1 3 070)“ (X1 » V1, O) (X1 » Y1 )

Figure: The triangle with bottom edge in xy plane.

Bottom has length (x2 + y2)1/2 so diagonal has length
(2 2 + )2
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Example: Letu = (2,1,0). Compute |ul.

l/lx': ,(l\|,07‘_~_ i 2241%40% = W_: Sg‘
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Example: Letu = (2,1,0). Compute |ul.
Exercise: Letv = (—1,—1,1). Compute |v|.

9= 1m0 7| = SeFeom e = Gt ~53
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Application: spheres

In R? the unit circle is the collection of all unit vectors with tail at
(0,0): If u = (x, y), then it is on the unit circle if
ul = (2 +y?)12 =1,
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Application: spheres

In R? the unit circle is the collection of all unit vectors with tail at
(0,0): If u = (x, y), then it is on the unit circle if

ul = (2 + )12 =1,

In R3 this is a sphere: if u = (x, y, z), then u is on the sphere of
radius r if [u| =r
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Application: spheres

In R? the unit circle is the collection of all unit vectors with tail at
(0,0): If u = (x, y), then it is on the unit circle if

ul = (2 + )12 =1,

In R3 this is a sphere: if u = (x, y, z), then u is on the sphere of
radius r if [u| =r

Pty +22) PPty 22 =12
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Application: spheres

In R? the unit circle is the collection of all unit vectors with tail at
(0,0): If u = (x, y), then it is on the unit circle if
ul = (2 +y?)12 =1,
In R3 this is a sphere: if u = (x, y, z), then u is on the sphere of
radius r if [u| =r

C+y2+22) 2 =rwx®+y?2+22=r>

A sphere of radius r centered at (a, b, ¢) is all vectors of length
r with tail at (&, b, ¢).
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Application: spheres

In R? the unit circle is the collection of all unit vectors with tail at
(0,0): If u = (x, y), then it is on the unit circle if

ul = (2 + )12 =1,

In R3 this is a sphere: if u = (x, y, z), then u is on the sphere of
radius r if [u| =r

C+y2+22) 2 =rwx®+y?2+22=r>

A sphere of radius r centered at (a, b, ¢) is all vectors of length
r with tail at (a,b,c). u = (x —a,y — b, z— ¢), u points from
(a,b,c)to (x,y,Zz), so sphere is

(x —a)?+ (y — b)? +(z—c)* =r?.
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Example: Find an equation for the sphere of radius 2 centered
at the point (1, —2,0). Sketch.

Sphert of  radivs 2 B @2 BT e ar i soict
Catty (-3)8) 0 oae peed ®  SWET M. Tk qves

oV + (g )Y ~- o=
X (g + 224
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Example: Find an equation for the sphere of radius 2 centered
at the point (1, —2,0). Sketch.
Exercise: What object is described by the equation

X+ y?+272 —2x+2z=0.
e MR e e e Sy npleri e

K% - +Y*E 42522 =o

(K -2x]) +¢ + @+t = 14

&-')" HE e (20)7=2 Z

-~
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Properties of vector operations

lerls  @rsder U= (s, =K,y > o =<Ks, >
@ Addition is co mutatlve u + V=V-+u
Comuetntniry X Al tion

W= (’( X2, (0‘*‘8-;7 = LKt '?ff'b“? - '\-‘/"‘7‘7

Noer  The 3D o u.,u,.« AMM Gre_ Sty low.
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Properties of vector operations

@ Addition is commutative: u+v =v +u
@ Addition is associative:

(U+Vv)+w=u+(Vv+w)
By s éat‘m‘+7 2+ laanberg
@) = (e /
( O y (gt c&?)“(;“ <\@\‘“0(1“(‘5\ ) it (\Qz“;a>

= W+ (W)

Gong  1dece bokds S LugJW C“MQJAS;@VLS
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Properties of vector operations

@ Addition is commutative: u+v =v +u
@ Addition is associative:

(U+Vv)+w=u+(Vv+w)
@ 0 = (0,0) is additive identity: for any vector u,
u+0=u

TS = X400, g top= KXY, 2=%
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Properties of vector operations

@ Addition is commutative: u+v =v +u
@ Addition is associative:

(U+Vv)+w=u+(Vv+w)
@ 0 = (0,0) is additive identity: for any vector u,
u+0=u

@ Additive inverse:
u+(—u)=0
.—ﬁt L-%‘ '—%’>
’l-;‘l“ C“ﬁB B <K\1‘ ‘:‘\(‘\ 1\‘\+(L,aﬂ\>~£
sane. tden Lslds For ""‘W Auner g .8
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Properties of vector operations

@ Addition is commutative: u+v =v +u
@ Addition is associative:

(U+Vv)+w=u+(Vv+w)
@ 0 = (0,0) is additive identity: for any vector u,
u+0=u
@ Additive inverse:
u+(-u)=20

@ Scalar multiplication distributes: if a and b are real
numbers,
alu+v)=au+ av

and A (FT) = La (xn) (2l tgd = L @vtary ay, raysy < TV

(efANR =B\ x, ,@er)q? (a+ R)U =au + bu e bade .\,. Wighr
—Laxn"“bl& o.#b =~ afh "b% Mg doug
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More properties

@ Multiplication by scalar 0: Ou =0
offr <O-)<‘ lo’?'> = <o,o'}=~'g
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More properties

@ Multiplication by scalar 0: Ou =0

@ Multiplication of 0: if ¢ is a real number, c0 =0
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More properties

@ Multiplication by scalar 0: Ou =0
@ Multiplication of 0: if ¢ is a real number, c0 =0
@ Multiplicative identity: 1u = u
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More properties

@ Multiplication by scalar 0: Ou =0
@ Multiplication of 0: if ¢ is a real number, c0 =0
@ Multiplicative identity: 1u = u

@ Scalar multiplication is commutative: if a, b are real
numbers

abu = bau .
o= < obx, —2 Sty of hdepliatia
/ C\by\>=-<qu\ , b\%.>§ b&ﬁ
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More properties

@ Multiplication by scalar 0: Ou =0

@ Multiplication of 0: if ¢ is a real number, c0 =0
@ Multiplicative identity: 1u = u

o

Scalar multiplication is commutative: if a, b are real
numbers
abu = bau

@ Scalar multiplication is associative: if a, b are real numbers

(ab)u = a(bu)

(o) T= (\ DX, @y 45 “‘Ssac&-th-] oﬁazu/h/o)\‘cm‘l'rb\/r
EPHCE L Sy < aaary
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More properties

@ Multiplication by scalar 0: Ou =0
@ Multiplication of 0: if ¢ is a real number, c0 =0
@ Multiplicative identity: 1u = u

@ Scalar multiplication is commutative: if a, b are real
numbers
abu = bau

@ Scalar multiplication is associative: if a, b are real numbers
(ab)u = a(bu)
@ Length scales: if ais a real number, then
au| = |a]|ul

(Why ‘a‘?) l&ﬁ‘ = ldzx.‘z-ra’—\'?,: 6&(,(‘1.,.7'75 = @SX}f\ﬁ—a\&\ )xﬁ\




We can extend the idea of vectors to n-dimensions. A vector u
would have the form u = (xq, X2, X3, -+ , Xp). If
V= (y1,¥o,¥3, -, ¥n) is another vector in R" then

U+V=(X1+Y1, X+ Yo, X3+ V3, ", X4 + Ya)
Multiplication by a scalar a is defined by
au = <aX1 ,aXo,axs, -, axn>

We can also define magnitude or length in higher dimensions
by
ul = O + 5 +5 + -+ x7) "/

In higher dimensions we still have all of the properties listed on
the last few slides.
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