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Big Picture for today

Big Picture:
The gradient can be used to find the tangent plane. As an
application, we get linear approximation of functions.
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Gradient | to level sets
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Recall: Last time we saw that the “steepest” ascent is in the
direction of the gradient. An application of this:
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Gradient | to level sets

Recall: Last time we saw that the “steepest” ascent is in the
direction of the gradient. An application of this:

Theorem: Let D be a domain in R?, f : D — R a differentiable
function. Let (a, b) be a point in D and let zg = f(a, b). Then if
Vf(a, b) # 0 and the level set f(x, y) = zy is smooth at (a, b),
then Vi(a, b) is perpendicular to the level set f(x, y) = z.
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Tangent lines in R

Recall: For a function h(t), the graph is all points in R? of the
form (¢, h(t)). Then tangent line is given by the derivative:

h(t) — h(a) = H(a)(t — a) + remainder.
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Tangent lines in R

Recall: For a function h(t), the graph is all points in R? of the
form (¢, h(t)). Then tangent line is given by the derivative:

h(t) — h(a) = H(a)(t — a) + remainder.

But for a curve r(t) = (cos t,sin t) (which is not a graph), tangent
line makes sense everywhere using r'.
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Tangent lines in R

Recall: For a function h(t), the graph is all points in R? of the
form (¢, h(t)). Then tangent line is given by the derivative:

h(t) — h(a) = H(a)(t — a) + remainder.

But for a curve r(t) = (cos t,sin t) (which is not a graph), tangent
line makes sense everywhere using r'.

Example: At (1,0), we have t =0, so

r'(t) = (—sin(0), cos(0)) = (0, 1) is in the tangent direction.
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Tangent lines in R

Recall: For a function h(t), the graph is all points in R? of the
form (¢, h(t)). Then tangent line is given by the derivative:

h(t) — h(a) = H(a)(t — a) + remainder.

But for a curve r(t) = (cos t,sin t) (which is not a graph), tangent
line makes sense everywhere using r'.

Example: At (1,0), we have t =0, so

r'(t) = (—sin(0), cos(0)) = (0, 1) is in the tangent direction.

~ L(t) = (1,0) +t(0,1)

describes tangent line.
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Tangent lines in R

Recall: For a function h(t), the graph is all points in R? of the
form (¢, h(t)). Then tangent line is given by the derivative:

h(t) — h(a) = H(a)(t — a) + remainder.

But for a curve r(t) = (cos t,sin t) (which is not a graph), tangent
line makes sense everywhere using r'.

Example: At (1,0), we have t =0, so

r'(t) = (—sin(0), cos(0)) = (0, 1) is in the tangent direction.

~ L(t) = (1,0) +t(0,1)

describes tangent line.

In R?, a perpendicular (or normal) vector also determines
direction: If v = (xy, y1), then n = (yy, —xq) is determined by v
and vice versa.
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Tangent lines in R

Recall: For a function h(t), the graph is all points in R? of the
form (¢, h(t)). Then tangent line is given by the derivative:

h(t) — h(a) = H(a)(t — a) + remainder.

But for a curve r(t) = (cos t,sin t) (which is not a graph), tangent
line makes sense everywhere using r'.

Example: At (1,0), we have t =0, so

r'(t) = (—sin(0), cos(0)) = (0, 1) is in the tangent direction.

~ L(t) = (1,0) +t(0,1)

describes tangent line.

In R?, a perpendicular (or normal) vector also determines
direction: If v = (xy, y1), then n = (yy, —xq) is determined by v
and vice versa.
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Rephrase: Let F(x,y) = x? + y2 — 1 so curve
r(t) = (cost,sin t) lives on the level set where F = 0.
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Rephrase: Let F(x,y) = x? + y2 — 1 so curve
r(t) = (cost,sint) lives on the level set where F = 0. We know
that VF is perpendicular to level set
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Rephrase: Let F(x,y) = x? + y2 — 1 so curve
r(t) = (cost,sint) lives on the level set where F = 0. We know
that VF is perpendicular to level set ~~ perpendicular to curve

(1)

Tangent plane and linear approximation



Rephrase: Let F(x,y) = x? 4+ y? — 1 so curve

r(t) = (cost,sint) lives on the level set where F = 0. We know
that VF is perpendicular to level set ~~ perpendicular to curve
r(t) ~» tangent is any vector perpendicular to VF.
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Rephrase: Let F(x,y) = x> + y? — 1 so curve

r(t) = (cost,sint) lives on the level set where F = 0. We know
that VF is perpendicular to level set ~~ perpendicular to curve
r(t) ~» tangent is any vector perpendicular to VF.

Same idea works for tangent planes to a surface in R3. If
F(x,y, z) is a differentiable function on R3, and the level set
F(x,y,z) = 0 (or any constant) is smooth, it describes a
surface.
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Rephrase: Let F(x,y) = x? 4+ y? — 1 so curve

r(t) = (cost,sint) lives on the level set where F = 0. We know
that VF is perpendicular to level set ~~ perpendicular to curve
r(t) ~» tangent is any vector perpendicular to VF.

Same idea works for tangent planes to a surface in R3. If
F(x,y, z) is a differentiable function on R3, and the level set
F(x,y,z) = 0 (or any constant) is smooth, it describes a
surface. Then VF is normal to this surface
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Rephrase: Let F(x,y) = x? 4+ y? — 1 so curve

r(t) = (cost,sint) lives on the level set where F = 0. We know
that VF is perpendicular to level set ~~ perpendicular to curve
r(t) ~» tangent is any vector perpendicular to VF.

Same idea works for tangent planes to a surface in R3. If
F(x,y, z) is a differentiable function on R3, and the level set
F(x,y,z) = 0 (or any constant) is smooth, it describes a
surface. Then VF is normal to this surface ~» normal to tangent
plane. ~ If (a, b, c) is in the level set F(a, b, ¢) = 0, tangent
plane is givenby n- (x —a,y — b,c — d) = 0, or equivalently

VF(a,b,c)-(x—a,y—b,c—d)=0.
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Example: Consider surface x® + y? + z° = 1 in R3.
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—
Example: Consider surface x2 + y2 + z2 =1 in R3. If
F(x,y,z) = x%2+ y2 + z2 — 1, surface is where F = 0.
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Example: Consider surface x2 + y2 + z2 =1 in R3. If
F(x,y,2) = x*> + y? + z2 — 1, surface is where F = 0. This is a
sphere, so at the “north pole” (0,0, 1), tangent plane should be
parallel to xy plane.
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Example: Consider surface x2 + y2 + z2 =1 in R3. If
F(x,y,2) = x*> + y? + z2 — 1, surface is where F = 0. This is a
sphere, so at the “north pole” (0,0, 1), tangent plane should be
parallel to xy plane.

VF = (2x,2y,2z) ~~ VF(0,0,1) =(0,0,2).

Tangent plane and linear approximation



Example: Consider surface x2 + y2 + z2 =1 in R3. If
F(x,y,2) = x*> + y? + z2 — 1, surface is where F = 0. This is a
sphere, so at the “north pole” (0,0, 1), tangent plane should be
parallel to xy plane.

VF = (2x,2y,2z) ~~ VF(0,0,1) =(0,0,2).

This is our normal vector, so tangent plane is given by
(0,0,2) - (x—-0,y—-0,z—1) =0,

orz=1.
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Example: Consider surface x2 + y2 + z2 =1 in R3. If
F(x,y,2) = x*> + y? + z2 — 1, surface is where F = 0. This is a
sphere, so at the “north pole” (0,0, 1), tangent plane should be
parallel to xy plane.

VF = (2x,2y,2z) ~~ VF(0,0,1) =(0,0,2).

This is our normal vector, so tangent plane is given by
(0,0,2) - (x—-0,y—-0,z—1) =0,

or z = 1. Parallel to xy plane going through (0,0, 1).
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Alternative View of Tangent Plane

Consider some surface F(x,y) = z. Let

r(t) =< x(t),y(t), F(x(t),y(t)) > be a curve on the surface

z = F(x,y). Then r'(f) is tangent to the surface at

< X(ty), y(to), F(x(t), y(ty)) >. Using this idea we say that the
tangent plane for the surface at (x(ty), y(to), F(x(%), y(tp))) is
composed of all vectors r'(f) such that there is a differentiable

curve r(t) with r(fy) =< x(ty), y(to), F(x(f), y(f)) >

~
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Alternative View of Tangent Plane

Consider some surface F(x,y) = z. Let

r(t) =< x(t),y(t), F(x(t),y(t)) > be a curve on the surface

z = F(x,y). Then r'(f) is tangent to the surface at

< X(ty), y(to), F(x(t), y(ty)) >. Using this idea we say that the
tangent plane for the surface at (x(ty), y(to), F(x(%), y(tp))) is
composed of all vectors r'(f) such that there is a differentiable
curve r(t) with r(ty) =< x(ty), y(to), F(x(f), y(fp)) >.

Two examples would be the curves

< x(fo) + t,y(h), F(x(fo) + t,y(f)) > and

< lo,y(to) +t, F(x(t), y(f) + t)) > which would go through the
points at t = 0 in both situations. Furthermore we would get
that r'(0) =< 1,0, 0xF(x(f), y(t)) > and

'(0) =< 0,1,9,F(x(f), y(tr)) > .
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Alternative View of Tangent Plane

Let’'s compare this to the last example. We were looking at the
surface x2 + y? + z2 = 1 at the point (0,0,1). We can rewrite
this as F(x,y) = z = \/1 — x2 — y2 since we are in the positive
portion. Then, Fy = 1_X2 v and F, = m Along the

curves from the last slides we get that tangent vectors are
<1,0,0 > and < 0,1, 0 > respectivly. This means that normal
vector is givegby < 1,0,0 > x < 0,1,0 >= k which agrees with
the direction of the gradient.
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Consider surface x> + 4y? — z = 4. Find tangent plane at the
point (2,0, 0).

F(ﬁ"hl\ =’Lf
VFE = <2&' @1\\~\>
NFlzg0) =<y, 0,~1>
fore £ YFL2o©) - K X-2,9,27

=< “.0 D {X—2 ‘27 _,
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Consider surface x? + 4y? — z = 4. Find tangent plane at the
point (2,0,0). If F(x, y,z) = x?> + 4y? — z — 4, then surface is
F(x,y,z) =0.
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Consider surface x? + 4y? — z = 4. Find tangent plane at the
point (2,0,0). If F(x, y,z) = x?> + 4y? — z — 4, then surface is
F(x,y,z)=0. VF = (2x,8y,—1),s0 VF(2,0,0) = (4,0, —1).
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Consider surface x? + 4y? — z = 4. Find tangent plane at the
point (2,0,0). If F(x, y,z) = x?> + 4y? — z — 4, then surface is
F(x,y,z)=0. VF = (2x,8y,—1),s0 VF(2,0,0) = (4,0, —1).
Tangent plane given by

VF(2,0,0)- (x—2,y—0,z—0) =0,

or
4x — z = 8.
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Consider surface x? + 4y? — z = 4. Find tangent plane at the
point (2,0,0). If F(x, y,z) = x?> + 4y? — z — 4, then surface is
F(x,y,z)=0. VF = (2x,8y,—1),s0 VF(2,0,0) = (4,0, —1).
Tangent plane given by

VF(2,0,0)- (x—2,y—0,z—0) =0,

or
4x — z = 8.

Note: If f(x, y) = x? + 4y? — 4, then the graph z = x° + 4y° — 4
is the same as the level set F(x,y,z) =0.
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Exercise

Exercise: Find the tangent plane to the surface z = x?y? at the
point (1,2, 8).

F'(K\\[“L) = )(2\‘3 -2
VF= (awf | 3397 VD
szt“a‘(b\ = <lb/ )2("')

Oo=VF - = 42, 2-80 = b1 =-1De L\ 225
= \be- \5+\;\&—2qaz¢%
= 16 ﬂ*laAd-Z,t 3A
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Exercise

Exercise: Find the tangent plane to the surface z = x?y? at the
point (1,2,8). F(x,y,z) = x?y3 — z,50 z = x?y° is where
F=0.
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Exercise

Exercise: Find the tangent plane to the surface z = x?y? at the
point (1,2,8). F(x,y,z) = x?y3 — z,50 z = x?y° is where
F=0.

VF — <2xy3,3x2y2, —1> — VF(1,2,8) = (16,12, —1)
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Exercise

Exercise: Find the tangent plane to the surface z = x?y? at the
point (1,2,8). F(x,y,z) = x?y3 — z,50 z = x?y° is where
F=0.

VF — <2xy3,3x2y2, —1> — VF(1,2,8) = (16,12, —1)

Plane is
VF(1,2,8)- (x—1,y—-2,z—-8) =0,

or
16x + 12y — z = 32
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Linear approximation on R

Recall: For a function g(t) on (a, b) linear approximation at a
point ¢ between aand bis ¢(x) = g(c¢) + g'(c)(x — ¢).
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Linear approximation on R

Recall: For a function g(t) on (a, b) linear approximation at a
point ¢ between aand b is ¢(x) = g(c) + g'(c)(x — ¢). Thisis a
line through the point (¢, g(c)) which is the best linear
approximation to g.
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Linear approximation on R

Recall: For a function g(t) on (a, b) linear approximation at a
point ¢ between aand bis 4(x) = g(c) + g'(c)(x — ¢). Thisis a
line through the point (¢, g(c)) which is the best linear
approximation to g. That means

g(x)=4(x)+r

where r = remainder, r — 0 faster than (x — c¢).
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Linear approximation on R

Recall: For a function g(t) on (a, b) linear approximation at a
point ¢ between aand bis 4(x) = g(c) + g'(c)(x — ¢). Thisis a
line through the point (¢, g(c)) which is the best linear
approximation to g. That means

g(x)=4(x)+r

where r = remainder, r — 0 faster than (x — c¢).
This is Taylor's formula with remainder.
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Linear approximation on R?

For a function of two variables f(x, y), same thing, but g’ is
replaced by Vf:
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Linear approximation on R?

For a function of two variables f(x, y), same thing, but g’ is
replaced by Vf: at a point (&, b), the plane

L(x,y)

(a,b) + Vf(a,b) - (x —a,y — b)

f
f(a,b) + fx(a,b)(x — a) + f,(a b)(y — b)

gives best linear approximation for f at (a, b).
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Linear approximation on R?

For a function of two variables f(x, y), same thing, but g’ is
replaced by Vf: at a point (&, b), the plane

L(x,y)=f(ab)+ Vif(a,b) - (x—a,y — b)

(a,b) + fk(a, b)(x — a) + f,(a,b)(y — b)

f
f

gives best linear approximation for f at (a, b). This means
f(x,y) = L(x,y)+ R,

where R — 0 faster than (x — a) and (y — b) at the same time.
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Linear approximation on R?

For a function of two variables f(x, y), same thing, but g’ is
replaced by Vf: at a point (&, b), the plane

L(x,y)=f(ab)+ Vif(a,b) - (x—a,y — b)

(a,b) + fk(a, b)(x — a) + f,(a,b)(y — b)

f
f

gives best linear approximation for f at (a, b). This means
f(x,y) = L(x,y) + R,
where R — 0 faster than (x — a) and (y — b) at the same time.
(Thatis as ((x — a)® + (y — b)?)"/?2 — 0).
Whet— iz meoawns 5 Thart-
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Linear approximation on R?

For a function of two variables f(x, y), same thing, but g’ is
replaced by Vf: at a point (&, b), the plane

L(x,y)

(a,b) + Vf(a,b) - (x —a,y — b)
(a,b) + fk(a, b)(x — a) + f,(a,b)(y — b)

f
f
gives best linear approximation for f at (a, b). This means

f(x,y) =L(x,y) + R,

where R — 0 faster than (x — a) and (y — b) at the same time.
(Thatis as ((x — a)® + (y — b)?)"/?2 — 0).

Note: This is really just the tangent plane to the surface

z = f(x,y) at the point (a, b, f(a, b)).
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Let f(x, y) = x?e? + 3x. Find the best linear approximation to f
at the point (-2, 1).
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Let f(x, y) = x?e? + 3x. Find the best linear approximation to f
at the point (-2, 1).

Vf = <2xe2y +3 2x292y> - VF(—2,1) = <—4e2 13, 892> |
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Let f(x, y) = x?e? + 3x. Find the best linear approximation to f
at the point (-2, 1).

Vf = <2xe2y +3 2x292y> - VF(—2,1) = <—4e2 13, 892> |
SO

L(x,y)=f(-2,1)+VFf(-2,1)- (x+2,y—1)
—46° — 6+ (—4€° +3)(x+2) +86°(y — 1)

is best linear approximation.
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We just talked about linear approximations but you can extend
this further. There is an extension of Taylor's Theorem to higher
dimensions. You can approximate differentiable functions by
polynomials in multiple variables. This topic will not be covered
in our course, but there are plenty of resources online to learn
about it for those interested.
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