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Big Picture for today

Big Picture: Finding local min or max is similar to in R: Find
critical points and use a second derivative test if possible.
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Local min/max in R

Recall: If g(x) is a function on an interval (c, d), then g has a
local minimum (or maximum) at xo in (c, d) if there is an open
interval (¢, d") in (c, d) such that g(x) > g(xo) (or

g(x) < g(xo)) on (¢’, d).
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Recall: If g(x) is a function on an interval (c, d), then g has a
local minimum (or maximum) at xo in (c, d) if there is an open
interval (¢, d") in (c, d) such that g(x) > g(xo) (or

g(x) < g(x0)) on (¢, d’). Examples:

1) g(x) = x*

Local Min/max



Local min/max in R

Recall: If g(x) is a function on an interval (c, d), then g has a
local minimum (or maximum) at xo in (c, d) if there is an open
interval (¢, d") in (c, d) such that g(x) > g(xo) (or

g(x) < g(x0)) on (¢, d’). Examples:

1) g(x) = x*

2) g(x) =sinx

Local Min/max



Local min/max in R
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Local min/max in R

Recall: If g(x) is a function on an interval (c, d), then g has a
local minimum (or maximum) at xo in (c, d) if there is an open
interval (¢, d") in (c, d) such that g(x) > g(xo) (or

g(x) < g(x0)) on (¢, d’). Examples:

1) g(x) = x*
2) g(x) =sinx
3) g(x) = |x|

4) g(x) =1/xo0n (0, c0)
Theorem: If g is a differentiable function on (a, b) and has a
local min (or max) at xp, then g’(xp) = 0.
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Local min/max in R

Recall: If g(x) is a function on an interval (c, d), then g has a
local minimum (or maximum) at xo in (c, d) if there is an open
interval (¢, d") in (c, d) such that g(x) > g(xo) (or

g(x) < g(x0)) on (¢, d’). Examples:

1) g(x) = x*
2) g(x) =sinx
3) g(x) = |x|

4) g(x) =1/x on (0, c0)

Theorem: If g is a differentiable function on (a, b) and has a
local min (or max) at xp, then g’(xp) = 0.

Examples:

4) g(x) = 6x%+12x — 18
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Local min/max in R

Recall: If g(x) is a function on an interval (c, d), then g has a
local minimum (or maximum) at xo in (c, d) if there is an open
interval (¢, d") in (c, d) such that g(x) > g(xo) (or

g(x) < g(x0)) on (¢, d’). Examples:

1) g(x) = x*
2) g(x) =sinx
3) g(x) = |x|

4) g(x) =1/x on (0, c0)

Theorem: If g is a differentiable function on (a, b) and has a
local min (or max) at xp, then g’(xp) = 0.

Examples:

4) g(x) = 6x%+12x — 18

5) g(x) = —3x* +1
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Local min/max in R

Recall: If g(x) is a function on an interval (c, d), then g has a
local minimum (or maximum) at xo in (c, d) if there is an open
interval (¢, d") in (c, d) such that g(x) > g(xo) (or

g(x) < g(x0)) on (¢, d’). Examples:

1) g(x) = x*
2) g(x) =sinx
3) g(x) = |x|

4) g(x) =1/x on (0, c0)

Theorem: If g is a differentiable function on (a, b) and has a
local min (or max) at xp, then g’(xp) = 0.

Examples:

4) g(x) = 6x%+12x — 18

5) g(x) = —3x* +1

6) Converse not true: g(x) = x3 + 1
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Local min/max in R?

Example: 1) f(x, y) = x? + 4y?. What does the graph look
like? Max? Min?
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Local min/max in R?

Example: 1) f(x, y) = x? + 4y?. What does the graph look
like? Max? Min?

Definition: Let D be a domain in R? and f : D — R a function. f
has a local minimum (or maximum) at a point (a, b) in D if there
is an open disk centered at (a, b) on which f(x, y) > f(a, b) (or
f(x,y) < f(a, b)).
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Local min/max in R?

Example: 1) f(x, y) = x? + 4y?. What does the graph look
like? Max? Min?

Definition: Let D be a domain in R? and f : D — R a function. f
has a local minimum (or maximum) at a point (a, b) in D if there
is an open disk centered at (a, b) on which f(x, y) > f(a, b) (or
f(x,y) < f(a, b)).

Examples:

1) f(x,y) = x* + y°
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Local min/max in R?

Example: 1) f(x, y) = x? + 4y?. What does the graph look
like? Max? Min?

Definition: Let D be a domain in R? and f : D — R a function. f
has a local minimum (or maximum) at a point (a, b) in D if there
is an open disk centered at (a, b) on which f(x, y) > f(a, b) (or
f(x,y) < f(a, b)).

Examples:
1) f(x,y) = x>+ y®
2) f(x,y) = |x
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Critical points

Example: 1) f(x, y) = x2 + 4y?
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Critical points

Example: 1) f(x, y) = x2 + 4y?
If (a, b) is a local max or min, directional derivative
Dyf(a, b) = 0 for every unit vector u = (uy, Uo):
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Critical points

Example: 1) f(x, y) = x2 + 4y?
If (a, b) is a local max or min, directional derivative
Dyf(a, b) = 0 for every unit vector u = (uy, Uo):

Duf(a, b) = fx(a, b)us + f,(a, b)ux = 2auy + 8bup, = 0
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Critical points

Example: 1) f(x, y) = x2 + 4y?
If (a, b) is a local max or min, directional derivative
Dyf(a, b) = 0 for every unit vector u = (uy, Uo):

Duf(a, b) = fx(a, b)us + f,(a, b)ux = 2auy + 8bup, = 0

In particular, foru = (1,0) andu = (0,1) ~ f(a,b) =2a=0
and f,(a,b) =8b=0. ~» Vf(a,b) =0.

Theorem: Let D be a domain in R2. Let f: D — R be
differentiable. Then if f has a local min or max at a point (a, b)
in D, then Vf(a, b) = 0.
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Critical points

Example: 1) f(x, y) = x2 + 4y?
If (a, b) is a local max or min, directional derivative
Dyf(a, b) = 0 for every unit vector u = (uy, Uo):

Duf(a, b) = fx(a, b)us + f,(a, b)ux = 2auy + 8bup, = 0

In particular, foru = (1,0) andu = (0,1) ~ f(a,b) =2a=0
and f,(a,b) =8b=0. ~» Vf(a,b) =0.

Theorem: Let D be a domain in R2. Let f: D — R be
differentiable. Then if f has a local min or max at a point (a, b)
in D, then Vf(a, b) = 0.

Notation: If Vf(a, b) = 0, then (a, b) is a critical point.
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Examples:
1) f(x,y) = x2+y*
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Examples:
) f(x.y)=x2+y*
2) f(x,y) = cos(x) + cos(y)
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Examples:

1) f(x,y) = x*+ y*

2) f(x,y) = cos(x) + cos(y)
3) f(x,y) = sin(x)
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Examples:
1) f(x,y) = x2 4+ y*

2) f(x,y) = cos(x) + cos(y)
3) f(x,y) = sin(x)
4) f(x,y) = x| + |y
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2) f(x,y) = cos(x) + cos(y)
3) f(x,y) = sin(x)

4 1(x,y) = X[ + |y

5 f(x,y)=x+y
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Exercises

Exercises: Find all critical points. Are they max/min?
1) f(x,y) = &%
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Exercises

Exercises: Find all critical points. Are they max/min?

1) f(x,y) = e

Vf = <—2xe*x2*y2, —2ye*x2*y2>, so (0, 0) is the only critical
point.
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Exercises

Exercises: Find all critical points. Are they max/min?

1) f(x,y) = e X*¥*

Vf = <—2xe*x2*y2, —2ye*x2*y2>, so (0, 0) is the only critical
point. It is a max.
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Exercises

Exercises: Find all critical points. Are they max/min?

1) f(x,y) = e X*¥*

Vf = <—2xe*x2*y2, —2ye*x2*y2>, so (0, 0) is the only critical
point. It is a max.
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Exercises

Exercises: Find all critical points. Are they max/min?

1) f(x,y) = e X*¥*

Vf = <—2xe*x2*y2, —2ye*x2*y2>, so (0,0) is the only critical
point. It is a max.

2) f(x,y) =xy .
V= (y, x), so only critical point is (0, 0).
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Exercises

Exercises: Find all critical points. Are they max/min?

1) f(x,y) = e X*¥*

Vf = <—2xe*x2*y2, —2ye*x2*y2>, so (0,0) is the only critical
point. It is a max.

2) f(x,y) =xy .
V= (y, x), so only critical point is (0,0). Level sets ~~ neither
max nor min. Called a saddle point.
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3) f(x,y) = xy(y — 2)
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3) f(x,y) = xy(y — 2)

Vi={yy-2),x(y —2)+xy)=0

y(y-2)=0,
x(y—-2)+xy=0
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3) f(x,y) = xy(y — 2)

Vi={yy-2),x(y —2)+xy)=0

y(y—2)=0,
x(y—-2)+xy=0
~y(y-2)=0

soy=0o0ry=2.
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3) f(x,y) = xy(y — 2)

Vi={yy-2),x(y —2)+xy)=0

y(y—2)=0,
x(y—-2)+xy=0
~y(y-2)=0

soy=0o0ry=2. and
x(y —2+y)=x(2y -2)=0,

sox=0ory=1.
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3) f(x,y) = xy(y — 2)

Vi={yy-2),x(y —2)+xy)=0

y(y—2)=0,
x(y—-2)+xy=0
~y(y-2)=0

soy=0o0ry=2. and
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sox=0ory=1.
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Example continued

First equation says either y =0 or y = 2.
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Example continued

First equation says either y = 0 or y = 2. Second equation
says either x =0ory =1.
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Example continued

First equation says either y = 0 or y = 2. Second equation
says either x =0or y = 1.

There are two possibilities from the first equation and two from
the second equation, so there would be 2 x 2 = 4 possibilities.
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says either x =0ory =1.

There are two possibilities from the first equation and two from
the second equation, so there would be 2 x 2 = 4 possibilities.
Some are not compatible!
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Example continued

First equation says either y = 0 or y = 2. Second equation
says either x =0or y = 1.

There are two possibilities from the first equation and two from
the second equation, so there would be 2 x 2 = 4 possibilities.
Some are not compatible!

First equation, first condition: y = 0.
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Example continued

First equation says either y = 0 or y = 2. Second equation
says either x =0or y = 1.

There are two possibilities from the first equation and two from
the second equation, so there would be 2 x 2 = 4 possibilities.
Some are not compatible!

First equation, first condition: y = 0. Plug in to second
equation: x(0 — 2) = 0 only if x = 0. That gives the point (0, 0).
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says either x =0ory =1.
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Example continued

First equation says either y = 0 or y = 2. Second equation
says either x =0ory =1.

There are two possibilities from the first equation and two from
the second equation, so there would be 2 x 2 = 4 possibilities.
Some are not compatible!

First equation, first condition: y = 0. Plug in to second
equation: x(0 — 2) = 0 only if x = 0. That gives the point (0, 0).
First equation, second condition: y = 2. Plug in to second
equation: x(4 —2) = 0 only if x = 0. That gives the point (0, 2).
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Example continued

First equation says either y = 0 or y = 2. Second equation
says either x =0ory =1.

There are two possibilities from the first equation and two from
the second equation, so there would be 2 x 2 = 4 possibilities.
Some are not compatible!

First equation, first condition: y = 0. Plug in to second
equation: x(0 — 2) = 0 only if x = 0. That gives the point (0, 0).
First equation, second condition: y = 2. Plug in to second
equation: x(4 —2) = 0 only if x = 0. That gives the point (0, 2).
Note: The second condition from the second equation y = 1 is
not compatible with the first equation, so doesn’t show up as a
critical point.
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Exercise

Let f(x,y) = x2y + xy? — 4y. Find the critical points.
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Exercise

Let f(x,y) = x2y + xy? — 4y. Find the critical points.
V= (2xy + y? x2 + 2xy — 4), so need

2xy +y? =0,
x> +2xy—4=0
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Exercise

Let f(x,y) = x2y + xy? — 4y. Find the critical points.
V= (2xy + y? x2 + 2xy — 4), so need

2xy +y? =0,
x> +2xy—4=0

Firstisy(2x +y)=0,so0y =0ory = —2x.
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Exercise

Let f(x,y) = x2y + xy? — 4y. Find the critical points.
V= (2xy + y? x2 + 2xy — 4), so need

2xy +y? =0,
x> +2xy—4=0

Firstisy(2x +y)=0,so0y =0ory = —2x.
Plug into second equation ~» x2 +0 — 4 = 0,0 X = 2. ~»
(2,0) and (—2,0) are critical points.
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Exercise

Let f(x,y) = x2y + xy? — 4y. Find the critical points.
V= (2xy + y? x2 + 2xy — 4), so need
2xy +y? =0,
X2 +2xy —4=0
Firstisy(2x +y)=0,so0y =0ory = —2x.
Plug into second equation ~» x2 +0 — 4 = 0,0 X = 2. ~»
(2,0) and (—2,0) are critical points.

If y = —2x, x® + 2x(—2x) — 4 = —3x® — 4 +# 0, so there are not
critical points with y = —2x.
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Second derivative test

Recall: Suppose g(x) has two continuous derivatives and has
a critical points at xo. Then if g”(xo) > 0 it's a min and if
g"(x0) < 0 it's a max.
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Recall: Suppose g(x) has two continuous derivatives and has
a critical points at xo. Then if g”(xo) > 0 it's a min and if
g"(x0) < 0 it's a max. If g”(xp) = 0 no information.

If f(x, y) has a critical point Vf(a, b) = 0, then there are four
second partials fyx, fyy, fyx, fyy.
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Second derivative test

Recall: Suppose g(x) has two continuous derivatives and has
a critical points at xo. Then if g”(xo) > 0 it's a min and if
g"(x0) < 0 it's a max. If g”(xp) = 0 no information.

If f(x, y) has a critical point Vf(a, b) = 0, then there are four
second partials fyx, fyy, fyx, fyy.

Assume all second order partials are continuous, and let

D(a, b) = fu(a, b)fyy(a, b) — (fy(a, b))?.
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Second derivative test

Recall: Suppose g(x) has two continuous derivatives and has
a critical points at xo. Then if g”(xo) > 0 it's a min and if
g"(x0) < 0 it's a max. If g”(xp) = 0 no information.

If f(x,y) has a critical point Vf(a, b) = 0, then there are four

second partials fyx, fyy, fyx, fyy.
Assume all second order partials are continuous, and let

D(a, b) = f(a, b)f,y(a, b) — (fy(a, b))2.
Theorem: If (g, b) is a critical point for f and

@ D(a,b) > 0 and f(a, b) < 0 then (a, b) is a local max
@ D(a,b) > 0 and fi(a, b) > 0, then (a, b) is a local min
@ D(a,b) < 0then (a,b) is a saddle point

@ D(a, b) = 0 no information

)
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Examples/Exercises

1) f(x,y) = x* + 4y?
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Examples/Exercises

1) f(x, y) = x* + 4y?
D =16 -0 > 0. fx(0,0) > 0 so it is a min.
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Examples/Exercises

1) f(x,y) = x° + 4y?

Critical point (0, 0). f«(0,0) =2, f,,(0,0) = 8, f,(0,0) =0, so
D =16 -0 > 0. fx(0,0) > 0 so it is a min.

2) f(Xv}/) =Xy

Local Min/max



Examples/Exercises

1) f(x,y) = x> + 4y?

Critical point (0, 0). f(0,0) = 2, f,,(0,0) = 8, £,,(0,0) = 0, so
D =16 -0 > 0. fx(0,0) > 0 so it is a min.

2) f(Xv}/) =Xy

Vi={(y,x) =0when x =0and y = 0. f(0,0) =0,

fyy(0,0) =0, and fy,(0,0) =1,s0 D=0—-1<0, soitisa
saddle point.

Local Min/max



Examples/Exercises

1) f(x,y) = x° + 4y?

Critical point (0, 0). f(0,0) = 2, f,,(0,0) = 8, £,,(0,0) = 0, so
D =16 -0 > 0. fx(0,0) > 0 so it is a min.
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Vi={(y,x) =0when x =0and y = 0. f(0,0) =0,

fyy(0,0) =0, and fy,(0,0) =1,s0 D=0—-1<0, soitisa
saddle point.

3) f(x,y) = xy(y — 2)
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Examples/Exercises

1) f(x,y) = x° + 4y?

Critical point (0, 0). f(0,0) = 2, f,,(0,0) = 8, £,,(0,0) = 0, so
D =16 -0 > 0. fx(0,0) > 0 so it is a min.

2) f(Xv}/) =Xy

Vi={(y,x) =0when x =0and y = 0. f(0,0) =0,

fyy(0,0) =0, and fy,(0,0) =1,s0 D=0—-1<0, soitisa
saddle point.

3) f(x,y) = xy(y — 2)

Vi={(y(y —2),x(2y — 2)) fix =0, fy =2x, f, =2y — 2. At
(0,0), D(0,0) = —(—2)2 < 0 and at (0,2), D(0,2) = —(2)?> < 0,
so both saddle points.

Local Min/max



Exercise

Let f(x,y) = x2y + 2xy — 3y. Find and classify critical points.
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Exercise

Let f(x,y) = x2y + 2xy — 3y. Find and classify critical points.
Already know critical points are (—3,0) and (1,0).
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Exercise

Let f(x,y) = x2y + 2xy — 3y. Find and classify critical points.
Already know critical points are (—3,0) and (1,0).
fXX = 2y, fyy == O, fxy = 2(X + 1)
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Exercise

Let f(x,y) = x2y + 2xy — 3y. Find and classify critical points.
Already know critical points are (—3,0) and (1,0).

fix =2y, fy, =0, fiy =2(x+1). D(-3,0) = —-16 <0,
D(1,0) = —16 < 0. Both saddle points.
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Absolute max/min in R

Recall: To find absolute max/min for a function on an interval,
1) Find critical points, 2) compute function at critical points and
the endpoints of the interval.
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Absolute max/min in R

Recall: To find absolute max/min for a function on an interval,
1) Find critical points, 2) compute function at critical points and
the endpoints of the interval.

Example: Let g(x) = x — 2. Find the absolute max and min for
gon [1,4].
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Absolute max/min in R

Recall: To find absolute max/min for a function on an interval,
1) Find critical points, 2) compute function at critical points and
the endpoints of the interval.

Example: Let g(x) = x — 2. Find the absolute max and min for
gon[1,4]. ¢ =1, so no critical points. g(1) = —1 and

g(4) = 2, so absolute min is —1 and absolute max is 2.
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Absolute max/min in R

Recall: To find absolute max/min for a function on an interval,
1) Find critical points, 2) compute function at critical points and
the endpoints of the interval.

Example: Let g(x) = x — 2. Find the absolute max and min for
gon[1,4]. ¢ =1, so no critical points. g(1) = —1 and

g(4) = 2, so absolute min is —1 and absolute max is 2.
Example: Let g(x) = x2. Find the absolute max and min for g
on [-1,3].
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Absolute max/min in R

Recall: To find absolute max/min for a function on an interval,
1) Find critical points, 2) compute function at critical points and
the endpoints of the interval.

Example: Let g(x) = x — 2. Find the absolute max and min for
gon[1,4]. ¢ =1, so no critical points. g(1) = —1 and

g(4) = 2, so absolute min is —1 and absolute max is 2.
Example: Let g(x) = x2. Find the absolute max and min for g
on [-1,3]. g'(x) =2x =0 at x = 0. Check g(0) =0,

g(—1) =1,and g(3) = 9, so absolute min is 0, absolute max is
9.
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Absolute max/min in R?

Definition: Let R be a setin R? and f : R — R a function. f has
an absolute maximum (or minimum) at a point (a, b) in R if for
every point (x,y) in R, f(x,y) < f(a,b) (or f(x,y) > f(a, b).
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Absolute max/min in R?

Definition: Let R be a setin R2 and f : R — R a function. f has
an absolute maximum (or minimum) at a point (a, b) in R if for
every point (x,y) in R, f(x,y) < f(a, b) (or f(x,y) > f(a,b).
Example: Let f(x, y) = x? + y2. Find the absolute max and
min of f on the domain R : {x? + y? < 4}.
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Absolute max/min in R?

Definition: Let R be a setin R? and f : R — R a function. f has
an absolute maximum (or minimum) at a point (a, b) in R if for
every point (x,y) in R, f(x,y) < f(a, b) (or f(x,y) > f(a,b).
Example: Let f(x, y) = x? + y2. Find the absolute max and
min of f on the domain R : {x? + y? < 4}. Vf = (2x,2y), so
(0,0) is the only critical points. Itis in R, and f(0,0) = 0. On
the boundary of R, x? + y? = 4, so absolute min is 0 and
absolute max is 4.

Local Min/max
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Example: Let f(x, y) = x? + 4y2. Find the absolute max/min of
f on the domain R = {x? + y? < 4}.
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Example: Let f(x, y) = x? + 4y2. Find the absolute max/min of
f on the domain R = {x? + y?> < 4}. Vf = (2x,8y) =0 at
(0,0). So (0,0) is the only critical point and f(0,0) = 0.
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Example: Let f(x, y) = x? + 4y2. Find the absolute max/min of
f on the domain R = {x? + y?> < 4}. Vf = (2x,8y) =0 at
(0,0). So (0,0) is the only critical point and f(0,0) = 0. On the
boundary, write as a parametrized curve: x(t) = 2cost,

y(t) = 2sint, so f becomes

g(t) = (2cos t)? + 4(2sint)? = 4 + 4sin? t.
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Example: Let f(x, y) = x? + 4y2. Find the absolute max/min of
f on the domain R = {x? + y?> < 4}. Vf = (2x,8y) =0 at
(0,0). So (0,0) is the only critical point and f(0,0) = 0. On the
boundary, write as a parametrized curve: x(t) = 2cost,

y(t) = 2sint, so f becomes

g(t) = (2cos t)? + 4(2sint)? = 4 + 4sin? t.

g'(t) = 8sin tcos t which is zero when t = 0,7/2, 7,37 /2.
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Example: Let f(x, y) = x? + 4y2. Find the absolute max/min of
f on the domain R = {x? + y?> < 4}. Vf = (2x,8y) =0 at
(0,0). So (0,0) is the only critical point and f(0,0) = 0. On the
boundary, write as a parametrized curve: x(t) = 2cost,

y(t) = 2sint, so f becomes

g(t) = (2cos t)? + 4(2sint)? = 4 + 4sin? t.

g'(t) = 8sin tcos t which is zero when t = 0,7/2, 7,37 /2.

~+ (2,0),(0,2),(-2,0),(0,-2)
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Example: Let f(x, y) = x? + 4y2. Find the absolute max/min of
f on the domain R = {x? + y?> < 4}. Vf = (2x,8y) =0 at
(0,0). So (0,0) is the only critical point and f(0,0) = 0. On the
boundary, write as a parametrized curve: x(t) = 2cost,

y(t) = 2sint, so f becomes

g(t) = (2cos t)? + 4(2sint)? = 4 + 4sin? t.

g'(t) = 8sin tcos t which is zero when t = 0,7/2, 7,37 /2.

~ (2a 0); (07 2)7 (_27 0), (07 _2)
Check points (including critical point):

f(0,0) =0, f(2,0) =4,1(0,2) =16,f(—2,0) = 4,f(0,-2) = 16.
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Example: Let f(x, y) = x? + 4y2. Find the absolute max/min of
f on the domain R = {x? + y?> < 4}. Vf = (2x,8y) =0 at
(0,0). So (0,0) is the only critical point and f(0,0) = 0. On the
boundary, write as a parametrized curve: x(t) = 2cost,

y(t) = 2sint, so f becomes

g(t) = (2cos t)? + 4(2sint)? = 4 + 4sin? t.

g'(t) = 8sin tcos t which is zero when t = 0,7/2, 7,37 /2.

~ (2a 0); (07 2)7 (_27 0), (07 _2)
Check points (including critical point):
f(0,0) =0,f(2,0) = 4,1(0,2) =16,f(—2,0) = 4,f(0,—-2) = 16.

Absolute min is 0 and absolute max is 16.

Local Min/max



Steps: Make a list of points in the following fashion
1) Find critical points in R (make sure they are in R!)
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Steps: Make a list of points in the following fashion

1) Find critical points in R (make sure they are in R!)

2) Restrict function to boundary of R and find any critical points
of the restricted function. Use a parametrized curve.
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Steps: Make a list of points in the following fashion

1) Find critical points in R (make sure they are in R!)

2) Restrict function to boundary of R and find any critical points
of the restricted function. Use a parametrized curve.

3) Add any corners to your list.
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Steps: Make a list of points in the following fashion

1) Find critical points in R (make sure they are in R!)

2) Restrict function to boundary of R and find any critical points
of the restricted function. Use a parametrized curve.

3) Add any corners to your list.

4) Evaluate the function at all of these points and take the
max/min.

Local Min/max
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Example: Let f(x, y) = x® — x — 2y? + y. Find absolute max
and min on the triangle with corners (0,0),(1,0) and (1,1).
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Example: Let f(x, y) = x® — x — 2y? + y. Find absolute max
and min on the triangle with corners (0,0),(1,0) and (1,1).
1) critical points Vf = 2x —1,—-4y +1) =0at (1/2,1/4).
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Example: Let f(x, y) = x® — x — 2y? + y. Find absolute max
and min on the triangle with corners (0,0),(1,0) and (1,1).
1) critical points Vf = 2x —1,—-4y +1) =0at (1/2,1/4).

2) When y = 0, curve is x(t) = t, y(t) = 0. Then

g(t) = f(x(1), y(t)) = t? — t has critical point at t = 1/2, so
(1/2,0) is in our list.
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Example: Let f(x, y) = x® — x — 2y? + y. Find absolute max
and min on the triangle with corners (0,0),(1,0) and (1,1).

1) critical points Vf = 2x —1,—-4y +1) =0at (1/2,1/4).

2) When y = 0, curve is x(t) = t, y(t) = 0. Then

g(t) = f(x(1), y(t)) = t? — t has critical point at t = 1/2, so
(1/2,0) is in our list.

On x = 1, parametrized curve is x(t) = 1, y(t) = t, so

g(t) = f(x(t), y(t)) = —2t? + t has critical point 1/4, so (1,1/4)
is in our list.
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Example: Let f(x, y) = x® — x — 2y? + y. Find absolute max
and min on the triangle with corners (0,0),(1,0) and (1,1).
1) critical points Vf = 2x —1,—-4y +1) =0at (1/2,1/4).

2) When y = 0, curve is x(t) = t, y(t) = 0. Then

g(t) = f(x(1), y(t)) = t? — t has critical point at t = 1/2, so
(1/2,0) is in our list.

On x = 1, parametrized curve is x(t) = 1, y(t) = t, so

g(t) = f(x(t), y(t)) = —2t? + t has critical point 1/4, so (1,1/4)
is in our list.

On y = x, parametrized curve is x(t) = t, y(t) = t, so

g(t) = f(x(t),y(t)) = > — t — 212 + t = —1? has critical point
t =0, s0 (0,0) is in our list.
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Example: Let f(x, y) = x® — x — 2y? + y. Find absolute max
and min on the triangle with corners (0,0),(1,0) and (1,1).
1) critical points Vf = 2x —1,—-4y +1) =0at (1/2,1/4).

2) When y = 0, curve is x(t) = t, y(t) = 0. Then

g(t) = f(x(1), y(t)) = t? — t has critical point at t = 1/2, so
(1/2,0) is in our list.

On x = 1, parametrized curve is x(t) = 1, y(t) = t, so

g(t) = f(x(t), y(t)) = —2t? + t has critical point 1/4, so (1,1/4)
is in our list.

On y = x, parametrized curve is x(t) = t, y(t) = t, so

g(t) = f(x(t),y(t)) = > — t — 212 + t = —1? has critical point
t =0, s0 (0,0) is in our list.

Local Min/max



3) Corners are (0,0),(1,0) and (1,1).
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3) Corners are (0,0),(1,0) and (1,1).

List is:
f(1/2,1/4) = -1/8
f(1/2,0) = —1/4
f(1,1/4) = 1/8
f(0,0) =
f(1,0)=0
f(1,1) =

so absolute max is 1/8 and absolute min is —1.

Local Min/max



