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Big Picture for today

Big Picture: Polar coordinates work well in regions which are
sectors.
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Polar coordinates

Recall: If (x, y) is a point in the plane, (x, y) is the position
vector pointing to (x, y).

Integration in Polar coordinates (16.3)



Polar coordinates

Recall: If (x, y) is a point in the plane, (x, y) is the position
vector pointing to (x, y). We can write in terms of direction and
length.

Integration in Polar coordinates (16.3)



Polar coordinates

Recall: If (x, y) is a point in the plane, (x, y) is the position
vector pointing to (x, y). We can write in terms of direction and
length. ~ (x,y) = | (X, y) | {cosB,sin ),

Integration in Polar coordinates (16.3)



Polar coordinates

Recall: If (x, y) is a point in the plane, (x, y) is the position
vector pointing to (x, y). We can write in terms of direction and
length. ~ (x,y) = | (X, y) | {cosf,sin @), or x = rcos(f) and

y = rsin(6).

Integration in Polar coordinates (16.3)



Polar coordinates

Recall: If (x, y) is a point in the plane, (x, y) is the position
vector pointing to (x, y). We can write in terms of direction and
length. ~ (x,y) = | (X, y) | {cosf,sin @), or x = rcos(f) and

y = rsin(6).

X2_|_y2:rz(COSZQ—I—SinZQ):szr: \/mv
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Polar coordinates

Recall: If (x, y) is a point in the plane, (x, y) is the position
vector pointing to (x, y). We can write in terms of direction and
length. ~ (x,y) = | (X, y) | {cosf,sin @), or x = rcos(f) and

y = rsin(0).
X2_|_y2:rz(COSZQ—I—SinZQ):szr: \/mv
y rsinf B
X rcosf tan(0),

S0 0 = arctan(y/Xx).
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Integration in polar coordinates

A sectorofadiscis0<r<Randa <6 < 3.
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Integration in polar coordinates

A sectorofadiscis0<r<Randa <6 < 3.
Area of a sector is 3r2(8 — ).
If Distheregiona<r<b,a<6<g,partition D into

a=n<n<..<m=b, a=60<01<...<0nh=70

If Ar, =r,—ri_q and A@j = (9]' — Hj_1,
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Integration in polar coordinates

A sectorofadiscis0<r<Randa <6 < 3.
Area of a sector is 3r2(8 — ).
If Distheregiona<r<b,a<6<g,partition D into

a=n<n<..<m=b, a=60<01<...<0nh=70

If Ar; =r; —ri_1 and A0; = 0, — 0,_4, area of region r;_y < r;,
91'_1 <0< 91' IS

;
E(r,-2 — 12 ) Ab; ~ riAn A,
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Integration in polar coordinates

A sectorofadiscis0<r<Randa <6 < 3.
Area of a sector is 3r2(8 — ).
If Distheregiona<r<b,a<6<g,partition D into

a=n<n<..<m=b, a=60<01<...<0nh=70

If Ar; =r; —ri_1 and A0; = 0, — 0,_4, area of region r;_y < r;,
91'_1 <0< 91' IS

;
E(r,-2 — 12 ) Ab; ~ riAn A,

B rb
// fdAz/ / f(rcos@,rsind)rdrdo.
D a Ja
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Circle example

Example: If D is the disc of radius R centered at (0, 0), then
O0<r<Rand0 <60 <2n.
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Circle example

Example: If D is the disc of radius R centered at (0, 0), then
0<r<Rand0<#d<2r. Areais

2 R
//1dA:/ / (1) rdrdf = 7 R?
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Example: Volume of a sphere.
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Example: Volume of a sphere. Let Dbe 0 < r < R and
0<6<2randf(x,y) =R —x2—y2
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Example: Volume of a sphere. Let Dbe 0 < r < R and
0<6<2randf(x,y)=+/R2—x2—y2. 2 [[,fdAis volume
of sphere of radlus R.
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Example: Volume of a sphere. Let Dbe 0 < r < R and
0<6<2randf(x,y)=+/R2—x2—y2. 2 [[,fdAis volume
of sphere of radlus R. In polar:

2 R
2// fdA=2/ / VR2 = r2cos2 0 — r2sin? 0do
D 0 0
2T R
:2/ / vV R2 — r2rdrdo
0 0

= gﬂ'Rs
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Exercise

Exercise: Find the volume under the paraboloid
f(x,y) = 4 — x?> — y? over the disc x2 + y? < 4.
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Exercise

Exercise: Find the volume under the paraboloid
f(x,y) = 4 — x2 — y? over the disc x? + y? < 4. Disc is
0<r<2and0<#<2m sovolumeis

2r 2
/ / (4 — r?) rdrdf = 8.
o Jo
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Exercise

10

Find the volume enclosed by z = — 2 and the xy-plane.
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Exercise

Find the volume enclosed by z = % — 2 and the xy-plane.

Whenf=0,14+x2+y?=50orx?+y?>=4.~0<r<2and
0 <0 <2m.
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Exercise

Find the volume enclosed by z = # 2 and the xy-plane.

Whenf=0,14+x2+y?=50orx?+y?>=4.~0<r<2and
0 <60 <2r. Volume is

ACE
— (5|n(1 +r?) —r?)5do
0

_ /ZW(5|n(5) — 4)dy
0
— 27(5In(5) — 4).
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Find the volume of the solid enclosed by z = /9 — x2 — y2 in
the first octant.
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Find the volume of the solid enclosed by z = /9 — x2 — y2 in
the first octant. Lives in first octant, so 0 < 6 < «/2, and
0<r<as.
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Find the volume of the solid enclosed by z = /9 — x2 — y2 in
the first octant. Lives in first octant, so 0 < 6 < «/2, and
0<r<as.

Volume is

w/2 3
/ / V9 — ré2radrdd
0 0

/2
- / (—(9 — r2)%/2/3) 36
0

/2
— [ o
0

=91 /2.
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Find the volume of the solid enclosed by z = /9 — x2 — y2 in
the first octant. Lives in first octant, so 0 < 6 < «/2, and
0<r<as.

Volume is

w/2 3
/ / V9 — ré2radrdd
0 0

/2
- / (—(9 — r2)%/2/3) 36
0

/2
— [ o
0

=91 /2.

Should be 1/8th a sphere:

’
5(47#3/3) =97 /2.
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Exercise

Let R be the region 0 < x? + y? <16 and 0 < y < v/3x.

Evaluate the integral =53 X
W&ak Y4 =33
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Exercise

Let R be the region 0 < x? + y? <16 and 0 < y < v/3x.
Evaluate the integral

// x + 10y JA
14+ x2+ y2
0<r<4and0 <6 <x/3. Integral is

w/3 4 -
/ / rcos@—|—10rsm8rdrd9.
0 1—|—r2

S:\ S:Bﬁ' (O + 0511 0) o\w
11/'3 A/V

:3 & K"W —wuws®) o

H’

-S;\ "-(Lz %) - (o- !o)> dv
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Exercise

Let R be the region 0 < x? + y> <16 and 0 < y < v/3x.

Evaluate the integral
x + 10y
A.
//R 1+ x2 + y2d

0<r<4and0 <6 <x/3. Integral is

w/3 4 .
/ / rcos@—|—10rsm9rdrd9.
0 0

1+4r2

rcosf + 10résin @ B re
1+r2 1+
1+r2—1

=11 (cos@ + 10sin6)

1
+ r?

(cos @ + 10sin )

=(1-— 1 )(cos @ + 105sin ).
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.

c\

5)(cosf + 10sin 9)) drdd

(r — arctan(r))(cos# + 10sin 8)|5d

— arctan(4))(cos# + 10sin 0)d6

A/‘\

— arctan(4))(sin @ — 10 cos (9)|0
4 — arctan(4))((vV3/2 — 5) — (-10)).
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Let R be the disc of radius 1 centered at (0, 1). Evaluate the

integral
/ /R (1)0A

using polar coordinates.
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Let R be the disc of radius 1 centered at (0, 1). Evaluate the
integral
/ / (1)dA
R

1=x2+(y—1)°2=rcos®0 + (rsinf —1)?

using polar coordinates.

— r? cos® 0 + r?sin® 0—2rsinfd +1,

or
r° —2rsinf = 0.
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Let R be the disc of radius 1 centered at (0, 1). Evaluate the

integral // » /_* ga

Row rée
using polar coordinates. \r__ gs,ng

1:X2+(y 1) — r? cos 9+(rsm6’—1)
— r? cos® § + r?sin 9—2r5|n9+‘|,
or
r° —2rsinf = 0.

Rearrange: r® = 2rsin 8, which has two solutions: r = 0 and
r=2siné.
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Let R be the disc of radius 1 centered at (0, 1). Evaluate the
integral
/ / (1)dA
R

1=x2+(y—1)°2=rcos®0 + (rsinf —1)?

using polar coordinates.

— r? cos® 0 + r?sin® 0—2rsinfd +1,

or
r° —2rsinf = 0.

Rearrange: r® = 2rsin 8, which has two solutions: r = 0 and
r=2sn6.0<6<m.
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2sin6
// dA = // rdrd6
_ sm@de
- |, 27

:/ 2 sin® Hdb

0

—/Wz(l—1 (20))d
= A 2 2COS

=T
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Exercise

Let R be the part of the disc of radius 2 centered at the point
(0, —2) in the fourth quadrant (x > 0, y < 0). Compute the

integral
/ / xdA.
R
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Exercise

Let R be the part of the disc of radius 2 centered at the point
(0, —2) in the fourth quadrant (x > 0, y < 0). Compute the

integral
[ xoa "yﬂ J s et

4=x2+(y+272=r? +4rsm8+4

orr=0andr = —4sinf

= = {suS
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Exercise

Let R be the part of the disc of radius 2 centered at the point
(0, —2) in the fourth quadrant (x > 0, y < 0). Compute the

integral
/ / xdA.
R

4=x2+(y+2)?=r?+4rsinf +4,

orr=0andr= —4sinf
Fourth quadrant ~» 37 /2 < 6 < 2.
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Exercise

Let R be the part of the disc of radius 2 centered at the point
(0, —2) in the fourth quadrant (x > 0, y < 0). Compute the

integral
/ / xdA.
R

4=x2+(y+2)?=r?+4rsinf +4,

orr=0andr = —4sin6
Fourth quadrant ~» 37/2 < 0 < 27. ~~» sinf < 0, so domain is
0<r< —4sind, 37r/2<9<27r

55¢ O - S S"‘""g res® CF dod)
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—4sin 6
// xdA = / / r cos(0)rdrd6
37/2

:/ (1/3)r3|o4s'”0c059d9
37/2

2
:/ (1/3)(—64)sin® 0 cos Hd6
37/2

( 16/3)S|n 9|37‘r/2
_ 16/3.
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