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Big Picture for today

Big Picture: Polar coordinates work well in regions which are
sectors.
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Polar coordinates

Recall: If (x , y) is a point in the plane, hx , yi is the position
vector pointing to (x , y).

We can write in terms of direction and
length.  hx , yi = | hx , yi | hcos ✓, sin ✓i, or x = r cos(✓) and
y = r sin(✓).

x2 + y2 = r2(cos2 ✓ + sin2 ✓) = r2  r =
q

x2 + y2,

y
x
=

r sin ✓
r cos ✓

= tan(✓),

so ✓ = arctan(y/x).

Integration in Polar coordinates (16.3)



Polar coordinates

Recall: If (x , y) is a point in the plane, hx , yi is the position
vector pointing to (x , y). We can write in terms of direction and
length.

 hx , yi = | hx , yi | hcos ✓, sin ✓i, or x = r cos(✓) and
y = r sin(✓).

x2 + y2 = r2(cos2 ✓ + sin2 ✓) = r2  r =
q

x2 + y2,

y
x
=

r sin ✓
r cos ✓

= tan(✓),

so ✓ = arctan(y/x).

Integration in Polar coordinates (16.3)



Polar coordinates

Recall: If (x , y) is a point in the plane, hx , yi is the position
vector pointing to (x , y). We can write in terms of direction and
length.  hx , yi = | hx , yi | hcos ✓, sin ✓i,

or x = r cos(✓) and
y = r sin(✓).

x2 + y2 = r2(cos2 ✓ + sin2 ✓) = r2  r =
q

x2 + y2,

y
x
=

r sin ✓
r cos ✓

= tan(✓),

so ✓ = arctan(y/x).

Integration in Polar coordinates (16.3)



Polar coordinates

Recall: If (x , y) is a point in the plane, hx , yi is the position
vector pointing to (x , y). We can write in terms of direction and
length.  hx , yi = | hx , yi | hcos ✓, sin ✓i, or x = r cos(✓) and
y = r sin(✓).

x2 + y2 = r2(cos2 ✓ + sin2 ✓) = r2  r =
q

x2 + y2,

y
x
=

r sin ✓
r cos ✓

= tan(✓),

so ✓ = arctan(y/x).

Integration in Polar coordinates (16.3)



Polar coordinates

Recall: If (x , y) is a point in the plane, hx , yi is the position
vector pointing to (x , y). We can write in terms of direction and
length.  hx , yi = | hx , yi | hcos ✓, sin ✓i, or x = r cos(✓) and
y = r sin(✓).

x2 + y2 = r2(cos2 ✓ + sin2 ✓) = r2  r =
q

x2 + y2,

y
x
=

r sin ✓
r cos ✓

= tan(✓),

so ✓ = arctan(y/x).

Integration in Polar coordinates (16.3)



Polar coordinates

Recall: If (x , y) is a point in the plane, hx , yi is the position
vector pointing to (x , y). We can write in terms of direction and
length.  hx , yi = | hx , yi | hcos ✓, sin ✓i, or x = r cos(✓) and
y = r sin(✓).

x2 + y2 = r2(cos2 ✓ + sin2 ✓) = r2  r =
q

x2 + y2,

y
x
=

r sin ✓
r cos ✓

= tan(✓),

so ✓ = arctan(y/x).

Integration in Polar coordinates (16.3)



Integration in polar coordinates

A sector of a disc is 0  r  R and ↵  ✓  �.

Area of a sector is 1
2 r2(� � ↵).

If D is the region a  r  b, ↵  ✓  �, partition D into

a = r0 < r1 < . . . < rn = b, ↵ = ✓0 < ✓1 < . . . < ✓m = �

If �ri = ri � ri�1 and �✓j = ✓j � ✓j�1, area of region ri�1  ri ,
✓j�1  ✓  ✓j is

1
2
(r2

i � r2
i�1)�✓j ' ri�ri�✓j ,

 ZZ

D
fdA =

Z �

↵

Z b

a
f (r cos ✓, r sin ✓) r dr d✓.
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Circle example

Example: If D is the disc of radius R centered at (0, 0), then
0  r  R and 0  ✓  2⇡.

Area is
ZZ

D
1dA =

Z 2⇡

0

Z R

0
(1) r dr d✓ = ⇡R2
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Example

Example: Volume of a sphere.

Let D be 0  r  R and
0  ✓  2⇡ and f (x , y) =

p
R2 � x2 � y2. 2

RR
D fdA is volume

of sphere of radius R. In polar:

2
ZZ

D
fdA = 2

Z 2⇡

0

Z R

0

p
R2 � r2 cos2 ✓ � r2 sin2 ✓d✓

= 2
Z 2⇡

0

Z R

0

p
R2 � r2 r dr d✓

=
4
3
⇡R3
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Exercise

Exercise: Find the volume under the paraboloid
f (x , y) = 4 � x2 � y2 over the disc x2 + y2  4.

Disc is
0  r  2 and 0  ✓  2⇡, so volume is

Z 2⇡

0

Z 2

0
(4 � r2) r dr d✓ = 8⇡.
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Exercise

Find the volume enclosed by z = 10
1+x2+y2 � 2 and the xy -plane.

When f = 0, 1 + x2 + y2 = 5, or x2 + y2 = 4.  0  r  2 and
0  ✓  2⇡. Volume is

Z 2⇡

0

Z 2

0
(

10
1 + r2 � 2)r dr d✓

=

Z 2⇡

0
(5 ln(1 + r2)� r2)|20d✓

=

Z 2⇡

0
(5 ln(5)� 4)d✓

= 2⇡(5 ln(5)� 4).
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Example

Find the volume of the solid enclosed by z =
p

9 � x2 � y2 in
the first octant.

Lives in first octant, so 0  ✓  ⇡/2, and
0  r  3.
Volume is

Z ⇡/2

0

Z 3

0

p
9 � r2r dr d✓

=

Z ⇡/2

0
(�(9 � r2)3/2/3)|30d✓

=

Z ⇡/2

0
9d✓

= 9⇡/2.

Should be 1/8th a sphere:

1
8
(4⇡r3/3) = 9⇡/2.

Integration in Polar coordinates (16.3)



Example

Find the volume of the solid enclosed by z =
p

9 � x2 � y2 in
the first octant. Lives in first octant, so 0  ✓  ⇡/2, and
0  r  3.

Volume is
Z ⇡/2

0

Z 3

0

p
9 � r2r dr d✓

=

Z ⇡/2

0
(�(9 � r2)3/2/3)|30d✓

=

Z ⇡/2

0
9d✓

= 9⇡/2.

Should be 1/8th a sphere:

1
8
(4⇡r3/3) = 9⇡/2.

Integration in Polar coordinates (16.3)



Example

Find the volume of the solid enclosed by z =
p

9 � x2 � y2 in
the first octant. Lives in first octant, so 0  ✓  ⇡/2, and
0  r  3.
Volume is

Z ⇡/2

0

Z 3

0

p
9 � r2r dr d✓

=

Z ⇡/2

0
(�(9 � r2)3/2/3)|30d✓

=

Z ⇡/2

0
9d✓

= 9⇡/2.

Should be 1/8th a sphere:

1
8
(4⇡r3/3) = 9⇡/2.

Integration in Polar coordinates (16.3)



Example

Find the volume of the solid enclosed by z =
p

9 � x2 � y2 in
the first octant. Lives in first octant, so 0  ✓  ⇡/2, and
0  r  3.
Volume is

Z ⇡/2

0

Z 3

0

p
9 � r2r dr d✓

=

Z ⇡/2

0
(�(9 � r2)3/2/3)|30d✓

=

Z ⇡/2

0
9d✓

= 9⇡/2.

Should be 1/8th a sphere:

1
8
(4⇡r3/3) = 9⇡/2.

Integration in Polar coordinates (16.3)



Exercise

Let R be the region 0  x2 + y2  16 and 0  y 
p

3x .
Evaluate the integral

ZZ

R

x + 10y
1 + x2 + y2 dA.

0  r  4 and 0  ✓  ⇡/3. Integral is
Z ⇡/3

0

Z 4

0

r cos ✓ + 10r sin ✓
1 + r2 r dr d✓.

r2 cos ✓ + 10r2 sin ✓

1 + r2 =
r2

1 + r2 (cos ✓ + 10 sin ✓)

=
1 + r2 � 1

1 + r2 (cos ✓ + 10 sin ✓)

= (1 � 1
1 + r2 )(cos ✓ + 10 sin ✓).
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Continued

Z ⇡/3

0

Z 4

0

✓
(1 � 1

1 + r2 )(cos ✓ + 10 sin ✓)

◆
drd✓

=

Z ⇡/3

0
(r � arctan(r))(cos ✓ + 10 sin ✓)|40d✓

=

Z ⇡/3

0
(4 � arctan(4))(cos ✓ + 10 sin ✓)d✓

= (4 � arctan(4))(sin ✓ � 10 cos ✓)|⇡/3
0

= (4 � arctan(4))((
p

3/2 � 5)� (�10)).
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Example

Let R be the disc of radius 1 centered at (0, 1). Evaluate the
integral ZZ

R
(1)dA

using polar coordinates.

1 = x2 + (y � 1)2 = r2 cos2 ✓ + (r sin ✓ � 1)2

= r2 cos2 ✓ + r2 sin2 ✓ � 2r sin ✓ + 1,

or
r2 � 2r sin ✓ = 0.

Rearrange: r2 = 2r sin ✓, which has two solutions: r = 0 and
r = 2 sin ✓. 0  ✓  ⇡.
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Continued

ZZ

R
dA =

Z ⇡

0

Z 2 sin ✓

0
rdrd✓

=

Z ⇡

0

1
2

r2|2 sin ✓
0 d✓

=

Z ⇡

0
2 sin2 ✓d✓

=

Z ⇡

0
2(

1
2
� 1

2
cos(2✓))d✓

= ⇡
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Exercise

Let R be the part of the disc of radius 2 centered at the point
(0,�2) in the fourth quadrant (x � 0, y  0). Compute the
integral ZZ

R
xdA.

4 = x2 + (y + 2)2 = r2 + 4r sin ✓ + 4,

or r = 0 and r = �4 sin ✓
Fourth quadrant 3⇡/2  ✓  2⇡.  sin ✓  0, so domain is
0  r  �4 sin ✓, 3⇡/2  ✓  2⇡.
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Continued

ZZ

R
xdA =

Z 2⇡

3⇡/2

Z �4 sin ✓

0
r cos(✓)rdrd✓

=

Z 2⇡

3⇡/2
(1/3)r3|�4 sin ✓

0 cos ✓d✓

=

Z 2⇡

3⇡/2
(1/3)(�64) sin3 ✓ cos ✓d✓

= (�16/3) sin4 ✓|2⇡3⇡/2

= 16/3.
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