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Big Picture for today

Big Picture: Conservative vector fields lead to a fundamental
theorem of calculus for line integrals.
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Line integrals

Recall: If F is a vector field, and r(t), a < t < b parametrizes a
curve C, then the line integral

b
/CF-Tds:/a F(r(t)) - ¥ (t)ct.
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Example: Let F = (y2, x), and let C be the parabola y = x?
from (0,0) to (1,1). Compute [, F-Tds.

Conservative vector fields (17.3)



Example: Let F = (y2, x), and let C be the parabola y = x?
from (0,0) to (1,1). Compute [, F-Tds. r(t) = (t, {2),
0<t<1.Thenr = (1,2¢).
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Example: Let F = (y2, x), and let C be the parabola y = x?
from (0,0) to (1,1). Compute [, F-Tds. r(t) = (t, {2),
0<t<1.Thenr = (1,2¢).

/CF.Tds_/O1 <t4,t>-<1,2t>df

1
—/ (t* + 212)dt
0

= (/5 +(2/3))l5
= (1/5+2/3).
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Example again

Example: Same vector field, different curve: F = (y2,x), Cis
the segment from (0, 0) to (1,1).

Conservative vector fields (17.3)



Example again

Example: Same vector field, different curve: F
the segment from (0,0) to (1,1). r(t) = (t, 1), 0
=(1,1).
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Example again

Example: Same vector field, different curve: F
the segment from (0,0) to (1,1). r(t) = (t, 1), 0

= (1,1).
/CF-TdSZ/O1 <t2,t>-<1,1>dt
:/01(t2+t)dt

=1/3+1/2
£1/5+2/3

N/\

é

from last example.
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Let F = (2y2,4xy + 1). Let C be the segment from (0, 0) to
(1,1). Compute [, F-Tds.
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Let F = (2y2,4xy + 1). Let C be the segment from (0, 0) to
(1,1). Compute [,F-Tds. r(t) = (0,0) +t(1,1),s0¢ = (1,1).

1
/anx:/)@ﬁAﬁ+1>«uwm
C 0

]
:/(m?+M?+Uw
0

=@+
=3.
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LetF = <2y2, 4xy + 1>, and let C be the part of the parabola
y = x? between (0,0) and (1,1). Compute [, F - Tds.
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LetF = <2y2, 4xy + 1>, and let C be the part of the parabola
y = x? between (0,0) and (1,1). Compute [, F - Tds.
r(t) = (t,t?),sor = (1,2t).
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LetF = <2y2, 4xy + 1>, and let C be the part of the parabola
y = x? between (0,0) and (1,1). Compute [, F - Tds.
r(t) = (t,t?),sor = (1,2t).

1
/F.Tds:/ <2t4,4t3+1>~<1,2t>dt
C 0

1
= / (2t* + 8t* + 2t)dt
0

=2 +)|p
=3.
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Conservative vector fields

It would be nice to know when a line integral is independent of
path.
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Conservative vector fields

It would be nice to know when a line integral is independent of

path.

Definition: Let R be a region in R? (or R3). Let F be a vector
field on R. If there exists a function ¢(x, y) (or ¢(x,y,z))on R
such that F = V¢, then F is conservative.
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Conservative vector fields

It would be nice to know when a line integral is independent of
path.

Definition: Let R be a region in R? (or R3). Let F be a vector
field on R. If there exists a function ¢(x, y) (or ¢(x,y,z))on R
such that F = V¢, then F is conservative.

How do you determine if it is conservative?
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Conservative vector fields

It would be nice to know when a line integral is independent of
path.

Definition: Let R be a region in R? (or R3). Let F be a vector
field on R. If there exists a function ¢(x, y) (or ¢(x,y,z))on R
such that F = V¢, then F is conservative.

How do you determine if it is conservative? If ¢(x, y) is a scalar
function with 2 continuous derivatives, then ¢y, = ¢yx.
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Conservative vector fields

It would be nice to know when a line integral is independent of
path.

Definition: Let R be a region in R? (or R3). Let F be a vector
field on R. If there exists a function ¢(x, y) (or ¢(x,y,z))on R
such that F = V¢, then F is conservative.

How do you determine if it is conservative? If ¢(x, y) is a scalar
function with 2 continuous derivatives, then ¢y, = ¢yx. So if

F = (f,g) satisfies F = V¢ = (¢x, ¢y), then f, = ¢4, and

Ix = Oyx.
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Conservative vector fields

It would be nice to know when a line integral is independent of
path.

Definition: Let R be a region in R? (or R3). Let F be a vector
field on R. If there exists a function ¢(x, y) (or ¢(x,y,z))on R
such that F = V¢, then F is conservative.

How do you determine if it is conservative? If ¢(x, y) is a scalar
function with 2 continuous derivatives, then ¢y, = ¢yx. So if

F = (f,g) satisfies F = V¢ = (¢x, ¢y), then f, = ¢4, and

gx = ¢yx. Conservative = f, = gx.
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Conservative vector fields

It would be nice to know when a line integral is independent of
path.

Definition: Let R be a region in R? (or R3). Let F be a vector
field on R. If there exists a function ¢(x, y) (or ¢(x,y,z))on R
such that F = V¢, then F is conservative.

How do you determine if it is conservative? If ¢(x, y) is a scalar
function with 2 continuous derivatives, then ¢y, = ¢yx. So if

F = (f,g) satisfies F = V¢ = (¢x, ¢y), then f, = ¢4, and

gx = ¢yx. Conservative = f, = gx.

In R3, there are 3 mixed partials, xy, xz, yz, so it F = (f, g, h) is
Vo, then f, = gy, f, = hy, and g, = hy,.
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Converse??

Definition: Let R be a region in R? or R3. Then R is simply
connected if there are no holes in R. (This is very rough.
Precise definition in text).
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Converse??

Definition: Let R be a region in R? or R3. Then R is simply
connected if there are no holes in R. (This is very rough.
Precise definition in text).

Theorem: Let R be a simply connected domain in R? and

F = (f, g) a vector field on R, with f and g having continuous
first partial derivatives. Then F is conservative if and only if

fy — gx.
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Converse??

Definition: Let R be a region in R? or R3. Then R is simply
connected if there are no holes in R. (This is very rough.
Precise definition in text).

Theorem: Let R be a simply connected domain in R? and

F = (f, g) a vector field on R, with f and g having continuous
first partial derivatives. Then F is conservative if and only if

f, = gx. Let R be a simply connected domain in R® and

F = (f, g, h) be a vector field on R with f, g, h having continuous
first partials. Then F is conservative if and only if f, = gy,

f, = hy,and g; = hy.
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Let F = (z + 4xy,2x2,x + 3). Determine if F is conservative.
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Let F = (z + 4xy,2x?,x + 3). Determine if F is conservative. F
is defined on all of R3, which is simply connected.
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Let F = (z + 4xy,2x?,x + 3). Determine if F is conservative. F
is defined on all of R3, which is simply connected.

fy:4x, gX:4X7
fZ:17 hX:17
gzzo, hy:O

so F is conservative.
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Let F = (z + 4xy,2x?,x + 3). Determine if F is conservative. F
is defined on all of R3, which is simply connected.

fy:4x, gX:4X7
fZ:17 hX:17
gzzo, hy:O

so F is conservative.
Let F = (z + 2xy, z2,16y). Determine if F is conservative.
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Let F = (z + 4xy,2x?,x + 3). Determine if F is conservative. F
is defined on all of R3, which is simply connected.

fy:4x, gX:4X7
fZ:17 hX:17
gzzo, hy:O

so F is conservative.
Let F = (z + 2xy, z2,16y). Determine if F is conservative. F is
defined on all of R3, which is simply connected.
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Let F = (z + 4xy,2x?,x + 3). Determine if F is conservative. F
is defined on all of R3, which is simply connected.

fy — 4X, gx - 4X,
fZ = 17 hX = 17
gz = 07 hy = O
so F is conservative.
Let F = (z + 2xy, z2,16y). Determine if F is conservative. F is
defined on all of R3, which is simply connected.
fy = 2X7 gX = 07

S0 not conservative.
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Finding potentials

Let F = (2y2,4xy + 1). F is conservative (check it!).
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Finding potentials

Let F = (2y2,4xy + 1). F is conservative (check it!). F = V¢ if
px = 2y°.
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Finding potentials

Let F = (2y2,4xy + 1). F is conservative (check it!). F = V¢ if
dx = 2y?. Then
¢ = 2y°x + c(y).
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Finding potentials

Let F = (2y2,4xy + 1). F is conservative (check it!). F = V¢ if
dx = 2y?. Then
¢ = 2y°x + c(y).

py=4xy+c(y)=4xy+1 = c(y)=1.
Soc(y)=y,and ¢ = 2y?x +y.
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Let F = (z + 4xy,2x2,x + 3). F is conservative (check it!).
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Let F = (z + 4xy,2x2,x + 3). F is conservative (check it!).
Ox = Z+4xy —> ¢:xz+2x2y—|—C(y,Z)7

¢y =2x>+c,=2x> = ¢, =0

or c(y,z) = d(z),s0 ¢ = xz + 2x%y + d(2).
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Let F = (z + 4xy,2x2,x + 3). F is conservative (check it!).
bx = Z+4xy = ¢ = xz+2x%y + c(y, 2),
¢y =2x>+c,=2x> = ¢, =0
orc(y,z) = d(z),s0 ¢ = xz + 2x%y + d(2).
p;=x+d =x+3 = d =3,

ord =23z, and ¢ = xz + 2x°y + 3z.
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Example: Determine if the following vector fields are
conservative or not. If conservative, find the potential function.

F:<1 +x,x2+y>

Conservative vector fields (17.3)



Example: Determine if the following vector fields are
conservative or not. If conservative, find the potential function.

F:<1 +x,x2+y>

Not conservative.
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Example: Determine if the following vector fields are
conservative or not. If conservative, find the potential function.

F= <1 +x,x2+y>
Not conservative.

F= <y2+4x,2xy—4>
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Example: Determine if the following vector fields are
conservative or not. If conservative, find the potential function.

F= <1 +x,x2+y>
Not conservative.

F= <y2+4x,2xy—4>

P(x,y) = xy? +2x% — 4y.
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Recall: If F = (f, g, h) is defined on a simply connected set,
then F is conservative if and only if

fy =9x, fz=hx, g- = hy.
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Curl
Recall: If F = (f, g, h) is defined on a simply connected set,
then F is conservative if and only if

fy = 9x, fz=hx, gz = hy.

Another way to remember is curl:

i j k
VxF=|&% a% 2
f g h

= (hy — gz)i — (hx — )i+ (9x — f,)k.
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Curl
Recall: If F = (f, g, h) is defined on a simply connected set,
then F is conservative if and only if

fy = 9x, fz=hx, gz = hy.

Another way to remember is curl:

i j k
VxF=|&% a% 2
f g h

= (hy — gz)i — (hx — ;)]

+ (gx — fy)k.
F conservative ifand only if V.x F =0
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Exercise: Determine if the following vector fields are
conservative or not. If conservative, find a potential function.

F=(1,z+2y,y —62)
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Exercise: Determine if the following vector fields are
conservative or not. If conservative, find a potential function.

F=(1,z+2y,y —62)

¢ =X+yz—32°+y?
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Exercise: Determine if the following vector fields are
conservative or not. If conservative, find a potential function.

F=(1,z4+2y,y —62)
¢ =X+ yz—32%+y>

F:<2—|—y,x+32,x2+y>
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Exercise: Determine if the following vector fields are
conservative or not. If conservative, find a potential function.

F=(1,z4+2y,y —62)
¢ =X+ yz—32%+y>

F:<2—|—y,x+32,x2+y>

Not conservative.
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Fundamental Theorem of Calculus

Recall: If U : [a, b] — R is differentiable and u = U’, then
J2 udx = U(b) - U(a).
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Fundamental Theorem of Calculus

Recall: If U : [a, b] — R is differentiable and u = U’, then
J2 udx = U(b) - U(a).
In vector notation: r(t) = (a,0) +t(b— a,0), and F = (u(x),0).
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Fundamental Theorem of Calculus

Recall: If U : [a, b] — R is differentiable and u = U’, then
J2 udx = U(b) - U(a).
In vector notation: r(t) = (a,0) +t(b— a,0), and F = (u(x),0).
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Fundamental Theorem of Calculus

Recall: If U : [a, b] — R is differentiable and u = U’, then

J2 udx = U(b) - U(a).

In vector notation: r(t) = (a,0) +t(b— a,0), and F = (u(x),0).
~+ ¢ = U(x). Then

/ ? U(x)dx = U(b) — U(a) = 6(b.0) — (a.0).
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Fundamental Theorem of Calculus

Recall: If U : [a, b] — R is differentiable and u = U’, then

J2 udx = U(b) - U(a).

In vector notation: r(t) = (a,0) + (b — a,0), and F = (u(x), 0).
~+ ¢ = U(x). Then

/ ? U(x)dx = U(b) — U(a) = 6(b.0) — (a.0).

On the other hand:

F-dr= 1F~r/(z‘)dt
froa=]

_/1 (u({a,0) + t (b — a,0)),0) - (b— a,0) dt
0
b

1
_ / u(a+ t(b— a))(b— aydt — / u(x)dx.
0 a
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FTC for line integrals

Theorem: Let R be a region in R? or R3, and let ¢ : R — R be
a differentiable function. Let F = V.
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FTC for line integrals

Theorem: Let R be a region in R? or R3, and let ¢ : R — R be
a differentiable function. Let F = V¢. Letr(t),a<t < bbea
differentiable path in R.
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FTC for line integrals

Theorem: Let R be a region in R? or R3, and let ¢ : R — R be
a differentiable function. Let F = V¢. Letr(t),a<t<bbea
differentiable path in R. Then

[ F-dr = o(r(b)) - (r(a)).
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FTC for line integrals

Theorem: Let R be a region in R? or R3, and let ¢ : R — R be
a differentiable function. Let F = V¢. Letr(t),a<t<bbea
differentiable path in R. Then

[ F-dr = o(r(b)) - (r(a)).

“Proof”:
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FTC for line integrals

Theorem: Let R be a region in R? or R3, and let ¢ : R — R be
a differentiable function. Let F = V¢. Letr(t),a<t<bbea
differentiable path in R. Then

[ F-dr = o(r(b)) - (r(a)).

“Proof”: Let r(t) = (x(t), y(t)). Chain rule:
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FTC for line integrals

Theorem: Let R be a region in R? or R3, and let ¢ : R — R be
a differentiable function. Let F = V¢. Letr(t),a<t<bbea
differentiable path in R. Then

[ F- o= 60 - o(r(a)).

“Proof”: Let r(t) = (x(t), y(t)). Chain rule:

d d

) = G010
= Qf’xa + ¢y7};
= (¢x, ¢y) - (dx/dt, dy/dt)
=Vo¢-r.
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Independence of path

Corollary: Let R be aregionin R or R3, and let ¢ : R — R be
a differentiable function. Let ry = (x4 (¢), y1(t)) and

r> (x2(1), y2(t)), @ < t < b be two paths with ry(b) = r»(b) and
ri(a) = ro(a), then

/v¢-dr1 :/V¢-dr2.
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Independence of path

Corollary: Let R be aregionin R or R3, and let ¢ : R — R be
a differentiable function. Let ry = (x4 (¢), y1(t)) and
ro (Xo(1), y2(t)), a < t < b be two paths with r{(b) = ro(b) and

ri(a) = rz(a), then
/w-dn :/w-drz.

~+ Can choose a path which is convenient.
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Example: Let F = (y +4x,2xy —4), r
]

1(t) = (t,0),
—1<t<tandry(t)=(t,1-?), -1 <t<1.
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Example: Let F = (y +4x,2xy —4), r
—1<t<tandry(t)=(t,1—t?), -1

1 1
/F-dr1—/ <4t,—4>-<1,0>dt—/ Atdt.
1 1

1(t) = (t,0),
t<1.
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Example: Let F = (y +4x,2xy —4), r
—1<t<tandry(t)=(t,1—t?), -1

1 1
/F-dr1—/ <4t,—4>-<1,0>dt—/ Atdt.
1 1

/F.drg :/1 <(1 — 12)% 4+ 4t,2t(1 — t2)—4> -(1,-2t) dt

1(t) = (t,0),
t<1.

— /1 (1 —12)2 + 4t —42(1 — 2) + 8t)dt
-1
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Exercise

Exercise: Let F = (y — 322, x, —6xz + 4), and let
r(t) = (cost,sint, t), 0 < t < x. Use independence of path to

compute
/F -dr.
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Exercise

Exercise: Let F = (y — 322, x, —6xz + 4), and let
r(t) = (cost,sint, t), 0 < t < x. Use independence of path to

compute
/F -dr.

F=V¢for¢=xy—3z2x + 4z.
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Exercise

Exercise: Let F = (y — 322, x, —6xz + 4), and let
r(t) = (cost,sint, t), 0 < t < x. Use independence of path to

compute
/F -dr.

F = V¢ for ¢ = xy — 3z%x +4z. r(0) = (1,0,0) and
K(r) = (—1,0, 7).
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Exercise

Exercise: Let F = (y — 322, x, —6xz + 4), and let
r(t) = (cost,sint, t), 0 < t < x. Use independence of path to

compute
/F -dr.

F = V¢ for ¢ = xy — 3z%x +4z. r(0) = (1,0,0) and
r(r)=(-1,0,7). FTC =

/F-dr_(b(—1,0,7r)—gb(1,0,0)—3772+47r—0.
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Exercise

Exercise: Let F = (y — 322, x, —6xz + 4), and let
r(t) = (cost,sint, t), 0 < t < x. Use independence of path to

compute
/F -dr.

F = V¢ for ¢ = xy — 3z%x +4z. r(0) = (1,0,0) and
r(r)=(-1,0,7). FTC =

/F-dr_ #(—1,0,7) — ¢(1,0,0) = 32 + 47 — 0.
Note: To compute directly is

/ <sin t — 3t%, cost, —6tcost + 4> -(—sint,cost, 1) dt.
0
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