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Big Picture for today

Big Picture: 1) The dot product eats two vectors and spits out
a scalar. This number says how much of one vector lives in the

direction of the other.
2) The cross product eats two vectors and spits out another

vector. This vector is perpendicular to the other two.
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Angle between unit vectors

By
./

Figure: Unit vectors and their angles.

u has angle ¢, v has angle w so angle between is § = w — ¢.

Dot and Cross product



Angle between unit vectors

By
./

Figure: Unit vectors and their angles.

u has angle ¢, v has angle w so angle between is § = w — ¢.

U = (cos¢,sin¢), V= (cosw,sinw).
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Angle between contd

Note:

cos(f) = cos(w — ¢) = cos(w) cos(—¢) — sin(w) sin(—¢)
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Angle between contd

Note:

cos(#) = cos(w — ¢) = cos(w) cos(—¢@) — sin(w) sin(—¢)
cos even, sin odd

~ c0os(f) = cos(w) cos(¢) + sin(w) sin(¢p).
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Angle between contd

Note:

cos(f) = cos(w — ¢) = cos(w) cos(—¢) — sin(w) sin(—¢)

cos even, sin odd

~ c0os(f) = cos(w) cos(¢) + sin(w) sin(¢p).
Xz A \ t k3!
Soif u= (xy,y) and v = (xo, y») are unit vectors,
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Examples

Example: Letu = (1,0) and v = <1,—\/§>. Find angle
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Example: Letu = (1,0) and v = <1,—\/§>. Find angle
between.
Exercise: Letu = (0,1), v= (4,4). Find angle between.
QW g\‘OM'TTch, -

T ) = (@) = V=
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R and a convenient formula

Harder to visualize “angle between” in R3. But in general, if u
and v are two position vectors in R® (or R?),
Definition of dot product:

u-v=|uj|v|cos(d)

where 6 is angle between. We ol show a mce
Sorunta S K-V (oter
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R and a convenient formula

Harder to visualize “angle between” in R3. But in general, if u
and v are two position vectors in R® (or R?),
Definition of dot product:

u-v=|uj|v|cos(d)

where 6 is angle between.
Question: Whatifv=0? [0l=©0 s0 UAB= 190 coxgy
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R and a convenient formula

Harder to visualize “angle between” in R3. But in general, if u
and v are two position vectors in R® (or R?),
Definition of dot product:

u-v=|uj|v|cos(d)

where 6 is angle between.
Question: What if v =07
Question: Whatifu L v? — ¢ R AT %y, ©- F° <3

MV = 1% [19) (®5(g90°) =~ /'ﬁ//U'/ O =
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R and a convenient formula

Harder to visualize “angle between” in R3. But in general, if u
and v are two position vectors in R® (or R?),
Definition of dot product:

u-v=|uj|v|cos(d)

o A5 W tie

where 6 is angle between. 0 RTatppite Gat Dl

Question: What if v =07

Question: What if u L v?

Theorem: Let u = (xy, y1,2z1) and v = (xo, Jo, Zo) be two
vectors. Then .

@s::fw‘"-ér'h“?,z_) U-VvV=X1Xo+ 1 Z4Z
; 1X2 — Y1l + £122.
17_, = (X'. / %\ 0356—2' s?‘;\e' %3)...9-(—1,<~03$> O
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Book uses law of cosines. Here is another idea.

b4
(0, 0’21)
;::‘I' ...... (X’I Y1, 21)

1.5 (0,1,0)

Figure: The triangle with bottom edge in xy plane.
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Book uses law of cosines. Here is another idea.

(%, 1, 21)

Figure: The triangle with bottom edge in xy plane.

Angle between is the same if you rotate both vectors. Rotate
until u and v are in the same plane, then use formula from R2.
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Example: Letu = (3,1,3) andv =(2,9,1). Find u-v and use
this to compute angle between.

W= (23,037. £2,217= 22+ 19+ 3-|= 6+2183= /B
] =\ 32+&F = ({Gre = \ Y

l?\; \SZZH'LHZ = Jy+3i+\ = VRE
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Example: Letu = (3,1,3) andv =(2,9,1). Find u-v and use
this to compute angle between.
Exercise: Letu=(1,—-1,1),v=(2,-1,1). Findu - v and use
this to compute angle between.

ﬁ'%? ) ,vhl?a(z, V17 = 2 r (D (- F )N
= 2Ax\dl=HY
I’W“? (\1"\"“‘1*\7’ :{5 )6\7 {7}-.\.(.‘71._‘,\1 :-re
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Example: Letu = (3,1,3) andv =(2,9,1). Find u-v and use
this to compute angle between.
Exercise: Letu=(1,—-1,1),v=(2,-1,1). Findu - v and use
this to compute angle between.

Exercise: Let u = (x4, y1). Find a vector v # 0 so that ué V.

V=4a by S, U=
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Properties of dot product

LU\' O = LAY 7 '\7=<x7,,t/b> w ;47‘"73?

Let u, v, w be vectors, and c a scalar. Then  commutive \?cirm.—,
@ u v =yv.u(commutative) RV = ARt hga _.."x,_x. r 4=V R
@ cu-v=(cu) -v=u-(cv) (associative)
©Q u - (v+w)=u-v+u-w (distributive)

asfocfa'}‘\\h"‘7 of Mwlf—fplc“colh‘u,,,.

CTA"V = (CX|\ X-,,\'*(C%q)‘a@sm:rl)r C{B' 7&) = C Lu’V)

= X (o) u, CQH_Z) =~ U- CCV)
U T+~

X, &KL+‘7‘3.) 4"““ {%7/4.}33 -+ z, Lzz*2—3>
XXy Xiky H g thYs 4 2122+ 2,25 = AT~
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Recall: in R® we computed length by first computing the length
of the “shadow” the vector makes in the xy plane.
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Recall: in R® we computed length by first computing the length
of the “shadow” the vector makes in the xy plane.
Question: Given two non-zero vectors u and v, how much of u

goes in the direction of v?

= &2 \z‘> we Cou Noalk oF Te S hackew
2 e\(cw.«Fle as The Qnomht of 7
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Recall: in R® we computed length by first computing the length
of the “shadow” the vector makes in the xy plane.

Question: Given two non-zero vectors u and v, how much of u
goes in the direction of v? What if they are perpendicular?
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Recall: in R® we computed length by first computing the length
of the “shadow” the vector makes in the xy plane.

Question: Given two non-zero vectors u and v, how much of u
goes in the direction of v? What if they are perpendicular?

Step 1: Compute length of shadow.
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Recall: in R® we computed length by first computing the length
of the “shadow” the vector makes in the xy plane.

Question: Given two non-zero vectors u and v, how much of u
goes in the direction of v? What if they are perpendicular?
Step 1: Compute length of shadow.

Step 2: Use direction of v, or unit vector.
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Recall: in R® we computed length by first computing the length
of the “shadow” the vector makes in the xy plane.

Question: Given two non-zero vectors u and v, how much of u
goes in the direction of v? What if they are perpendicular?
Step 1: Compute length of shadow.

Step 2: Use direction of v, or unit vector.

Defiqﬁition: Orthgonal projection of u onto v:

¢

re - H u -V - @ - ‘7
o pen 1Y PO = = ()
e ca\c & — - _
P dorprodu i COZ N ?.‘v NS ey g
. *O= Fiw j:»gm uffwm
) = V) (R — Ty ‘ T~ Ve e
TN 10 1T F divection
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Example: Letu = (1,2,3) and v = (4,0, 1). Compute proj,u.

R
V= L1,237 - 4,077 =14 +3.¢ Y3 s Y33=7
V| = VYot = \ YN
=

V‘"’%m: b y
T ( = a -
&‘1“‘ i ( ‘-&ir ) l7q
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Example: Letu = (1,2,3) and v = (4,0, 1). Compute proj,u.
Exercise: Letu = (2,2, —6) and v = (0,1, 1). Compute proj,u.

W=
<2)3,-¢> KOOIy = 304 a1+ -G
= —
V| = oo = OrL+ -g=y
PAGR = -y

F 40\\\\7 — - )
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Cross product

Recall:
i=(1,0,0), j=(0,1,0), k=(0,0,1).
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Cross product

Recall:
i=(1,0,0), j=(0,1,0), k=(0,0,1).

Definition: Let u = (xq, y1,2z1) and v = (Xo, y», 2). The cross

product is the vector
WD 0.:0’ ArS U e 6\“;6

Uxv=(y122 - yo21)i = (X122 — X221)l + (X1Y2 — X2Y1)k
We Con e ot TRV os ™ derevminany’ of

< =

v = 2\ ™ 1\ \ \X, &

MM 2 v T 74« ’(1,7’& 83 "&1
Xe Y 22
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@ Cross product is perpendicular to the inputs: u x v L u and
L.

w\maﬂ.

@yt = (o -2y x, — (o

> Zz'- xz-?—\)‘};
(X, 1) -3

X' (/l Zz —
X\ Y 2, =
—_— 2 b
— . _— ' ‘1\22 . "&, X2, ¥ x‘zzl.

- KL‘#‘Z‘
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@ Cross product is perpendicular to the inputs: u x v L u and
1 v. Can prove this directly from formula of u x v.

@ Anti-commutative

UXV=-VXu
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@ Cross product is perpendicular to the inputs: u x v L u and
1 v. Can prove this directly from formula of u x v.

@ Anti-commutative

UXV=-VXu

— uxu=0 - Swe UL = =% X

@ Associative: = A(wxr) =T
S Axwnw=8.
(au) x (bv) = (ab)(u x v)
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@ Cross product is perpendicular to the inputs: u x v L u and
1 v. Can prove this directly from formula of u x v.

@ Anti-commutative
UXV=-Vvxu

— uxu=0.
@ Associative:

(au) x (bv) = (ab)(u x v)
@ Distributive:

UX(V+W)=UXV+UXW
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Several ways to remember: determinant

i j Kk
UXV=| X1 Vi Zj
X2 Yo 22
B I 4 T I O e B4 X1 Y
Yo 22 Xo 22 X2 Yo
heve &)\ _ —beC . D)\l w2, -Ya2
" )1’00\ > ‘h‘h\ w32 "4
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Another way to remember

Right hand rule! And unit vectors.
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Another way to remember

Right hand rule! And unit vectors. Cross product of two unit
vectors is the third unit vector with sign determined by right
hand rule:
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Another way to remember

Right hand rule! And unit vectors. Cross product of two unit
vectors is the third unit vector with sign determined by right
hand rule:

ixj=KkK

means i first, then j, and your thumb points in the third direction.
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Another way to remember

Right hand rule! And unit vectors. Cross product of two unit
vectors is the third unit vector with sign determined by right
hand rule:

ixj=Kk
means i first, then j, and your thumb points in the third direction.

Similarly
ixk=-j, jxk=I.
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Another way to remember

Right hand rule! And unit vectors. Cross product of two unit
vectors is the third unit vector with sign determined by right
hand rule:

ixj=KkK

means i first, then j, and your thumb points in the third direction.
Similarly
ixk=—j, jxk=I.

Opposite order changes sign!
jxi=-k

etc.
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Another way to remember

Right hand rule! And unit vectors. Cross product of two unit
vectors is the third unit vector with sign determined by right
hand rule:

ixj=Kk
means i first, then j, and your thumb points in the third direction.

Similarly
ixk=-j, jxk=I.

Opposite order changes sign!
jxi=-k

etc.
Note:
ixi=0.

Dot and Cross product



Cross product with unit vectors

Write

(X1, )1, 21) = X1+ 1]+ z1K, (X2, Yo, Z0) = Xol + yoj + ZoK
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Cross product with unit vectors

Write

(X1, )1, 21) = X1+ 1]+ z1K, (X2, Yo, Z0) = Xol + yoj + ZoK

we use M GQ;CTV}DM,K\/.(
(al + yid + z1k) x (xel + yo + 22k) 7 g
= X1 Xol X 1+ Xq1)ol X ]| + X122l X_lf
+ y1Xo] X i+ y1yoi X | + y120) x k
+ Z1 XK X i —|—Z-|y2k X I + z12ok x k
= X1 y2K + X1 Z2(—]) + y1 X2(—K) + y122i + Z1 Xo] + 21 y2( )
= (V122 — Z12)i — (X122 — Z1 X2)j + (X1 Y2 — Y1 X2)K.

Note sign on J!
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Example: Letu = (2, —1,—1) and v = (1,0, 3). Compute
ux\v.

(u’xﬁ'f > 3\ - ] = L (-I-s-(o.‘l)>—J (3'3‘(’*—0)
o 2 e (2o-(1.-n)
Y
= =3T3 +~k
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Example: Letu = (2, —1,—1) and v = (1,0, 3). Compute
ux\v.

i j Kk
2 —1 -1
1 0 3

Uxyv=
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Example: Letu = (2, —1,—1) and v = (1,0, 3). Compute
ux\v.

i j Kk
2 —1 -1
1 0 3

Exercise: Letu = (3,1,2) andv = (6, —3,1). Compuate v x u
(note the order).

Uxyv=

L]
6 —3
3 1

VXU=

nN = X

owswev-  On hext slide

Dot and Cross product



Example: Letu = (2, —1,—1) and v = (1,0, 3). Compute
ux\v.

i j Kk
2 —1 -1
1 0 3

Exercise: Letu = (3,1,2) andv = (6, —3,1). Compuate v x u
(note the order).

Uxyv=

L]
6 —3
3 1

VXU=

nN = X

Answer:

(=6 —1)i— (12 = 3)j+ (6 + 9k = (—7, -9, 15).

Dot and Cross product



Another formula

Theorem: Let u and v be non-zero vectors. Then the length of
the cross product is

U x v| = |u||v|sin 6,

where 6 is the angle between u and v.
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Another formula

Theorem: Let u and v be non-zero vectors. Then the length of
the cross product is

U x v| = |u||v|sin 6,

where 6 is the angle between u and v. The direction of the
cross product is the unit vector perpendicular to both u and v
chosen according to the right hand rule.
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Another formula

Theorem: Let u and v be non-zero vectors. Then the length of
the cross product is

U x v| = |u||v|sin 6,

where 6 is the angle between u and v. The direction of the
cross product is the unit vector perpendicular to both u and v
chosen according to the right hand rule.

Proof of direction: use 1, j and k - these use right hand rule for
cross product.
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Proof of length

Rough idea: rotate so that u lies along x axis
W = V — proj;Vv

\"/
A

=
w

Y

>
>

proj;v

Figure: Unit vectors and the cross product.
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Proof of length

Rough idea: rotate so that u lies along x axis
W = V — proj;Vv

\"/
A

>
w

Y

>
>

proj;v

Figure: Unit vectors and the cross product.

lu| and |v| scale out in formula, so can prove for unit vectors:
u=i,v=(ab,c) with (& + b?> + c?)/2 = 1.
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Proof of length

Rough idea: rotate so that u lies along x axis
W = V — proj;Vv

/

\

\'J

Y

>
>

proj;v

Figure: Unit vectors and the cross product.

lu| and |v| scale out in formula, so can prove for unit vectors:
u=i,v=_(ab,c)with (a®+b>+c?)"2=1.ixv=(0,-c,b),

so |i x v| = (¢® + b?)'/2.
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Proof of length

Rough idea: rotate so that u lies along x axis

W = V — proj;Vv

\"/
A

Y

>
>

proj;v
Figure: Unit vectors and the cross product.
lu| and |v| scale out in formula, so can prove for unit vectors:

u=i,v=(ab,c)with (a®+b>+c2)'"2 =1.ixv=(0,-c,b),
so |i x v| = (¢ + b?)'/2. projiv = (a,0,0), sow = (0, b, ¢).
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Proof of length

Rough idea: rotate so that u lies along x axis
W = V — proj;Vv

A

\'J

Y

>
>

proj;v

Figure: Unit vectors and the cross product.

lu| and |v| scale out in formula, so can prove for unit vectors:
u=1i,v=(ab,c)with (82 +b?>+c?)"2=1.ixv=(0,—c,b),
so |i x v| = (¢ + b?)'/2. projiv = (a,0,0), sow = (0, b, ¢).

~ |W| = [i x V.
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Proof of length

Rough idea: rotate so that u lies along x axis
W = V — proj;Vv

A

\'J

w|

Y

Y

proj;v

Figure: Unit vectors and the cross product.

lu| and |v| scale out in formula, so can prove for unit vectors:
u=i,v=(ab,c)with (5L+b2+02)1/2 1.ixv=(0,—c,b),
S0 |i x v| = (c? +b2)1/2. projv = (a,0,0), sow = (0, b, c).

o [W| = [i x v|. Trig ~ [W| =sinf. sin 9-‘% \w] smee [V]=
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Application: area of a parallelogram

Figure: The parallelogram spanned by u and v.
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Application: area of a parallelogram

Figure: The parallelogram spanned by u and v.

Area is length of bottom times height:

Area = |v||u|sinf = |v x u].
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Application: area of a parallelogram

Figure: The parallelogram spanned by u and v.

Area is length of bottom times height:
Area = |v||u|sinf = |v x u].

What about [u x v|? Nt thet” ]%X\7l“ |- (¢"“)J
\ I
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Application: area of a triangle

Figure: The triangle spanned by u and v has area % the area of
parallelogram.
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Application: area of a triangle

Figure: The triangle spanned by u and v has area % the area of
parallelogram.

Area = %\u X V.
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