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Big Picture for today

Big Picture: 1) The dot product eats two vectors and spits out
a scalar. This number says how much of one vector lives in the
direction of the other.
2) The cross product eats two vectors and spits out another
vector. This vector is perpendicular to the other two.
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Angle between unit vectors

✓
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Figure: Unit vectors and their angles.

u has angle �, v has angle ! so angle between is ✓ = ! � �.

u = hcos�, sin�i , v = hcos!, sin!i .
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Angle between cont’d

Note:

cos(✓) = cos(! � �) = cos(!) cos(��)� sin(!) sin(��)

cos even, sin odd

 cos(✓) = cos(!) cos(�) + sin(!) sin(�).

So if u = hx1, y1i and v = hx2, y2i are unit vectors,

cos(✓) = x1x2 + y1y2.
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Examples

Example: Let u = h1, 0i and v =
D

1,�
p

3
E

. Find angle
between.

Exercise: Let u = h0, 1i, v = h4, 4i. Find angle between.
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R3 and a convenient formula

Harder to visualize “angle between” in R3. But in general, if u
and v are two position vectors in R3 (or R2),
Definition of dot product:

u · v = |u||v| cos(✓)

where ✓ is angle between.

Question: What if v = 0?
Question: What if u ? v?
Theorem: Let u = hx1, y1, z1i and v = hx2, y2, z2i be two
vectors. Then

u · v = x1x2 + y1y2 + z1z2.
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Proof idea

Book uses law of cosines. Here is another idea.
z

(x1, 0, 0)

(0, y1, 0)

(0, 0, z1)

(x1, y1, z1)

(x1, y1, 0) (0, 0) (x1, y1)

Figure: The triangle with bottom edge in xy plane.

Angle between is the same if you rotate both vectors. Rotate
until u and v are in the same plane, then use formula from R2.
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Examples

Example: Let u = h3, 1, 3i and v = h2, 9, 1i. Find u · v and use
this to compute angle between.
Exercise: Let u = h1,�1, 1i, v = h2,�1, 1i. Find u · v and use
this to compute angle between.
Exercise: Let u = hx1, y1i. Find a vector v 6= 0 so that u ? v.
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Properties of dot product

Let u, v, w be vectors, and c a scalar. Then
1 u · v = v · u (commutative)
2 cu · v = (cu) · v = u · (cv) (associative)
3 u · (v + w) = u · v + u · w (distributive)
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Projections

Recall: in R3 we computed length by first computing the length
of the “shadow” the vector makes in the xy plane.

Question: Given two non-zero vectors u and v, how much of u
goes in the direction of v? What if they are perpendicular?
Step 1: Compute length of shadow.
Step 2: Use direction of v, or unit vector.
Definition: Orthgonal projection of u onto v:

projvu =
u · v
|v|2

v
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Examples

Example: Let u = h1, 2, 3i and v = h4, 0, 1i. Compute projvu.

Exercise: Let u = h2, 2,�6i and v = h0, 1, 1i. Compute projvu.
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Examples

Example: Let u = h1, 2, 3i and v = h4, 0, 1i. Compute projvu.
Exercise: Let u = h2, 2,�6i and v = h0, 1, 1i. Compute projvu.
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Cross product

Recall:
i = h1, 0, 0i , j = h0, 1, 0i , k = h0, 0, 1i .

Definition: Let u = hx1, y1, z1i and v = hx2, y2, z2i. The cross
product is the vector

u ⇥ v = (y1z2 � y2z1)i � (x1z2 � x2z1)j + (x1y2 � x2y1)k.
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Properties

Cross product is perpendicular to the inputs: u⇥ v ? u and
? v.

Can prove this directly from formula of u ⇥ v.

Anti-commutative

u ⇥ v = �v ⇥ u

=) u ⇥ u = 0.
Associative:

(au)⇥ (bv) = (ab)(u ⇥ v)

Distributive:

u ⇥ (v + w) = u ⇥ v + u ⇥ w

Dot and Cross product



Properties

Cross product is perpendicular to the inputs: u⇥ v ? u and
? v. Can prove this directly from formula of u ⇥ v.
Anti-commutative

u ⇥ v = �v ⇥ u

=) u ⇥ u = 0.

Associative:

(au)⇥ (bv) = (ab)(u ⇥ v)

Distributive:

u ⇥ (v + w) = u ⇥ v + u ⇥ w

Dot and Cross product



Properties

Cross product is perpendicular to the inputs: u⇥ v ? u and
? v. Can prove this directly from formula of u ⇥ v.
Anti-commutative

u ⇥ v = �v ⇥ u

=) u ⇥ u = 0.
Associative:

(au)⇥ (bv) = (ab)(u ⇥ v)

Distributive:

u ⇥ (v + w) = u ⇥ v + u ⇥ w

Dot and Cross product



Properties

Cross product is perpendicular to the inputs: u⇥ v ? u and
? v. Can prove this directly from formula of u ⇥ v.
Anti-commutative

u ⇥ v = �v ⇥ u

=) u ⇥ u = 0.
Associative:

(au)⇥ (bv) = (ab)(u ⇥ v)

Distributive:

u ⇥ (v + w) = u ⇥ v + u ⇥ w

Dot and Cross product



Determinant

Several ways to remember: determinant

u ⇥ v =

������

i j k
x1 y1 z1
x2 y2 z2

������

=

����
y1 z1
y2 z2

���� i �
����

x1 z1
x2 z2

���� j +
����

x1 y1
x2 y2

���� k

Dot and Cross product



Another way to remember

Right hand rule! And unit vectors.

Cross product of two unit
vectors is the third unit vector with sign determined by right
hand rule:

i ⇥ j = k

means i first, then j, and your thumb points in the third direction.
Similarly

i ⇥ k = �j, j ⇥ k = i.

Opposite order changes sign!

j ⇥ i = �k

etc.
Note:

i ⇥ i = 0.
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Cross product with unit vectors

Write

hx1, y1, z1i = x1i + y1j + z1k, hx2, y2, z2i = x2i + y2j + z2k

(x1i + y1j + z1k)⇥ (x2i + y2j + z2k)
= x1x2i ⇥ i + x1y2i ⇥ j + x1z2i ⇥ k
+ y1x2j ⇥ i + y1y2j ⇥ j + y1z2j ⇥ k
+ z1x2k ⇥ i + z1y2k ⇥ j + z1z2k ⇥ k

= x1y2k + x1z2(�j) + y1x2(�k) + y1z2i + z1x2j + z1y2(�i)
= (y1z2 � z1y2)i � (x1z2 � z1x2)j + (x1y2 � y1x2)k.

Note sign on j!
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Examples

Example: Let u = h2,�1,�1i and v = h1, 0, 3i. Compute
u ⇥ v.

u ⇥ v =

������

i j k
2 �1 �1
1 0 3

������

Exercise: Let u = h3, 1, 2i and v = h6,�3, 1i. Compuate v ⇥ u
(note the order).

v ⇥ u =

������

i j k
6 �3 1
3 1 2

������

Answer:

(�6 � 1)i � (12 � 3)j + (6 + 9)k = h�7,�9, 15i .
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Another formula

Theorem: Let u and v be non-zero vectors. Then the length of
the cross product is

|u ⇥ v| = |u||v| sin ✓,

where ✓ is the angle between u and v.

The direction of the
cross product is the unit vector perpendicular to both u and v
chosen according to the right hand rule.
Proof of direction: use i, j and k - these use right hand rule for
cross product.
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Proof of length

Rough idea: rotate so that u lies along x axis

i

v

projiv

w = v � projiv

✓

Figure: Unit vectors and the cross product.

|u| and |v| scale out in formula, so can prove for unit vectors:
u = i, v = ha, b, ci with (a2 + b2 + c2)1/2 = 1. i ⇥ v = h0,�c, bi,
so |i ⇥ v| = (c2 + b2)1/2. projiv = ha, 0, 0i, so w = h0, b, ci.
 |w| = |i ⇥ v|. Trig |w| = sin ✓.
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Application: area of a parallelogram

✓

u

v

|u| sin ✓

Figure: The parallelogram spanned by u and v.

Area is length of bottom times height:

Area = |v||u| sin ✓ = |v ⇥ u|.

What about |u ⇥ v|?
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Application: area of a triangle

✓

u

v

|u| sin ✓

Figure: The triangle spanned by u and v has area 1
2 the area of

parallelogram.

Area =
1
2
|u ⇥ v|.
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