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Big Picture for today

Big Picture: 1) Lines can be written in vector form. Two lines
may intersect at different “times”.
2) For a plane, need 3 points or a “normal vector” and a point.

Lines and planes



Let P(3,2,—1) and Q(2,—2,1). Find a parametric equation for
a line through P and Q. -
t V6 ¥ P =T

e ﬁ= 42\’2\\5-43:2\,\7
= &\ =27

Pe. TN T@= B4k 320
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Let P(3,2,—1) and Q(2,—2,1). Find a parametric equation for
a line through P and Q.

orx=3-ty=2—-4t,z=-142t.
Question: Other ways to write?_ divecron o

= (3,2,~17 *bL-?.,-S,\)}

t= 3R
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Let P(3,2,—1) and Q(2,—2,1). Find a parametric equation for
a line through P and Q.

r(t) = (3,2,—1) + t (—1,-4,2)

orx=3—-ty=2-4t,z= -1+ 2t.
Question: Other ways to write?

ra(t) = (2,-2,1) + t (41, %4,2)
— & o = —-P&a

starts at Q and goes backwardsto P (t = —1).
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Let P(3,2,—1) and Q(2, -2, 1). Find a parametric equation for
a line through P and Q.

r(t) = (3,2,—1) + t (—1,-4,2)

orx=3—-ty=2-4t,z= -1+ 2t.
Question: Other ways to write?

r2(t) - <27 _27 1> + t<_1 ) _47 2>
starts at Q and goes backwardsto P (t = —1).
r3(t) — <67 147 _7> + t<_1 ) _472>

parametrizes same line.
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Let P(3,2,—1) and Q(2,—2,1). Find a parametric equation for

a line through P and Q.
at

r(t) = (3,2,—1) +t(—1,-4,2), P when t=0
orx=3-ty=2-4t,z=-1+2t
Question: Other ways to write?

rg(t) — <27 _27 1> + t<_1 ) _47 2>
starts at Q and goes backwardsto P (t = —1).
r3(t) = (6,14, —7) + t(—1,-4,2) a+P when
— = =

parametrizes same line. (goes through P at f = 3).
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Intersections of lines

Different parametrizations ~~ 2 lines could go through same
point at different “times”.
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Intersections of lines

Different parametrizations ~~ 2 lines could go through same
point at different “times”. Example: Let /4 be the line
parametrized by

and /> the line given by
r2(t) — <77373> + t<27 —1 ) _2>

Do these lines intersect?
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Intersections of lines

Different parametrizations ~~ 2 lines could go through same
point at different “times”. Example: Let /4 be the line
parametrized by

ri(t)=1,2,3) +t(2,3,4)
and /> the line given by
r2(t) =(7,3,3) +t(2,—1,-2)
Do these lines intersect? What about ¢4 and /3:

r3(t) = (0,8, —1) + £ (1,4,1)?
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Intersections of lines

Different parametrizations ~~ 2 lines could go through same
point at different “times”. Example: Let /4 be the line
parametrized by

~r1_(t) :}1_,%_%>+t<2,3,4>

and /> the line given by

r2(t) =(7,3,3) +t(2,—1,-2)
Do these lines intersect? What about ¢4 and /3:
r3(t) = (0,8, —1)+t(1,4,1)7?
.. U1 and 4y d=H,€,-8)=-2,347

ra(t) = (1,5.2) + t (—4, —6, —8)?
- A < oo+ Jurev Ject
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Need 2 different parameters! Go through same point if
ri(t) = ra(s) for some t and s, (not necessarily t = s).
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Solution

Need 2 different parameters! Go through same point if
ri(t) = ra(s) for some t and s, (not necessarily t = s).

Then compare x components:

T = L646h, 4,60,2(0) Vo (= 4l q,06) 253D
X1(t) =1.42t, xo(s )—7+23w1+2t—7+23

rb") ~ SLJ: tz 137 £La3,4) = & |12t 2424, 344D
or s = — PR

<=\ g=—2

i
CLO= <142, 243, 3¢y = 23,537
-

20 = 7400, 3-), 3 -S>
= <'S / S/ 77 o— =
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Need 2 different parameters! Go through same point if
ri(t) = ra(s) for some t and s, (not necessarily t = s).
Then compare x components:

x1(f)=1+2t xo(s)=7+25~1+2t=7+2s
— — ——————

rs= -3+ t. Compare y:

g_// \
yi(t)=2+3t, yo(s)=3-8~2+3t=3-5s=3—-(-3+1)
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Need 2 different parameters! Go through same point if
ri(t) = ra(s) for some t and s, (not necessarily t = s).
Then compare x components:

x1(t)=14+2t, xo(s)=7+25~1+2t=7+2s
or s = -3+ t. Compare y:
yi()=243t, yo(s)=83—-5~2+4+3t=3-5=3—-(-3+1)
ort=1. ~ s = —2 Check z components:

AT c—

Z1(t) = 3._—_|—:4.t, ZQ(S) =3-2s

P— £~ ’\’

Plugging in:
21(1) :Z7 22(_‘_\2_') :Z
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- XiLf) Y. o 2«
P = 23t EReany = )+ 2i3e, 379%
= X0 Y3 2x0)
G )= Co,g,-i7+ L7 =L5,8#s) /45>
X, (= )(2(53 -) )2t -:S
-
YL =4, 5) = 2+3e=8+Db = g+t (1424)
A¥3p= g FY9+3E =) A =12+5¢ = —b=5¢

s=1 +8FD = -3

2. (D= 3Ry =3 8=5

2, (-3)= -1 +¢3) =Y Tlese Jaes b ot
(st

X (£) =% ()= Skewd.
4. —$2(5) =0
2, Co) - 21,(5) =0



Need 2 different parameters! Go through same point if
ri(t) = ra(s) for some t and s, (not necessarily t = s).
Then compare x components:

x1(f)=1+2t xo(s)=7+25~1+2t=7+2s
or s = -3+ t. Compare y:

yi()=2+3t, yo(s)=83—-5~~2+3t=3-5=3—-(-3+1)
—
ort=1. ~ s = —2 Check z components:

Z1(t) = 3 + 41, ZQ(S) =3-2s

Plugging in:
zi(1) =7, z2(-2) =7
~ intersect at (3,5,7). 4,(1) = (35.75’-‘ Ve (”7')
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Exercise

511
r1(t) — <17273>+t<2a374>
531
r3(t) — <0787_1> +t<17471>?
Intersect?
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Exercise

511
r1(t) — <17273>+t<2a374>
531
r3(t) — <0787_1> +t<17471>?
Intersect?

x1(t) =14+2t, xo(s) = 8,501+ 2t =s. yi(t) =2 + 3t,
yo(s) =8+4s,502+3t=8+4(1+2t),ort=—-2and s = -38.
Plug into z: zy(—2) = -5, zo(—3) = —4. Lines do not intersect.

Lines and planes



¢4 and /5 intersect at one point.
/3 does not intersect ¢4 and is skew - not parallel and not
intersecting. ¢4 is parallel but not equal to /1.
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Planes

Specify a plane by 1) a point on the plane and 2) a
perpendicular direction.
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Planes

Specify a plane by 1) a point on the plane and 2) a
perpendicular direction.

Given a plane, we want an equation that determines if a point
S(x,y, z) is on the plane.
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Planes

Specify a plane by 1) a point on the plane and 2) a
perpendicular direction.

Given a plane, we want an equation that determines if a point
S(x,y, z) is on the plane.

If P(x1, y1,21) is our point, then @ = (x lxli—_yh/z_—\zﬁ. If
n= @’.9\’ c) is perpendicular,
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Planes

Specify a plane by 1) a point on the plane and 2) a
perpendicular direction.

Given a plane, we want an equation that determines if a point
S(x,y, z) is on the plane.

If P(x1,y1,21) is our point, then @ =(X—X1,¥ —Y1,Z—2zy). If
n = (a, b, ¢) is perpendicular, thenZS is in our plane W5

PS-n=0, or PMM “Hhyzz w
——
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Planes

Specify a plane by 1) a point on the plane and 2) a
perpendicular direction.

Given a plane, we want an equation that determines if a point
S(x,y, z) is on the plane.

If P(x1, y1,21) is our point, then @ ={(X—X1,¥y —Y1,Z—2zy). If
n = (a, b, c) is perpendicular, then S is in our plane if
PS-n=0,or

ax—x1)+bly—-y1)+c(z—2z)=0 *

~+ equation for a plane: n=2eaa,becd>

ax+by+cz=d= ax tby+C2, =

qu—

a X Ho;l tc2 -gl
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Example

Example: Find the plane determined by the points P(1,0,1),
Q(1,2,3) and R(2, 3, 2).

Q
ﬁixﬁz "\;é'

u/-‘cuuh‘/ R
o TR
7, ook PIL
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Example: Find the plane determined by the points P(1,0,1),
Q(1,2,3) and R(2, 3, 2).
How to find a normal vector n?
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Example: Find the plane determined by the points P(1,0,1),
Q(1,2,3) and R(2, 3, 2).

How to find a normal vector n?

3 distinct points P, Q, R.
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Example: Find the plane determined by the points P(1,0,1),
Q(1,2,3) and R(2, 3, 2).

How to find a normal vector n?

3 distinct points P, Q, R. ~~» vectors @ and PR in the plane.

Figure: 3 points, normal vector and a point in the plane
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PC1 0, \\| Q(J,"L{S\ I’L('?-ﬁ:l)
e

T Yol
@:@,-‘2,-2&
Q=0 1,7
=2 N
4 N
s =23 Q\: 205 @
\ —

Hi(z)
>
= 4T —23 Fle
4"'\\-2)‘2«7



P=(1,5)  ®R=CLZA3) —=(2372)
&= (o, z.2) !ZT’Z‘ CED .
Bt | (25| (D) F D
\ BB,
POx PR =(-42-2  C 2, ‘/;7
SO “ @efs ey
(x—_j,y—__O,z—1>-<—4,2,—2>ig
(“;S);w‘@\ —4x 42y —2z=-6 —

A=) 41, Z-3) - £4—41,2,72> =0
(4R D+ @2g=Y9) r(c22 &) =0

U A —22="Y tH-6
—ir 42y -2 = -G
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Exercise

Find the plane determined by the points P(1,2,2), Q(2,3,—1),
and R(-2,3,3).

@’4‘11"3>
P\Z:(,%‘\‘\>
R - = 2 AN -5
— © 6 — AL'
FaPR=] 7 ¥ % L(H%)-&Q-Ct)
-2 4 5('43)
= 42 +83 +Uk
K=l 42 ,2-2%-<4,%,4> =6
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(=) T (By-le) +(H2=8) =2

Tdx38y +4z g o
Find the plane determined by the points P(1,2,2), Q(2,3,—1),
and R(-2,3,3).

P&X Péz <1717_3> X <_37171> — <4’8’4>’

SO
(x—1,y—-2,z-2)-(4,8,4) =0,

or G (x )+ g(t&-’l,\ + ¢ Cz—% =&
4x+8y+4z =28

/

-4 vy —16+42~5=0
Y+ &y Hz—28=0




Intersections of Planes

If P and Q are two planes, they are either the same plane,
parallel, or intersect at a line.

Np
P
|

Y

Figure: Two planes with paralle/ normals.
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Intersecting planes

Non-parallel normals ~~ planes intersect at a line.

P
\/

Figure: Two planes with non-parallel normals intersect at a line.
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Line of intersection

If £is a line in any plane P, then its direction vector is
perpendiculartonp.
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Line of intersection

If £is a line in any plane P, then its direction vector is
perpendicular to np. ~ if £ lives in two planes P and Q, its
direction is perp to both np and ng. — ’V\Q
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Line of intersection

If £is a line in any plane P, then its direction vector is
perpendicular to np. ~~ if £ lives in two planes P and Q, its
direction is perp to both np and ng. -

~» A direction vector is np x ng.

Lines and planes



Line of intersection

If £is a line in any plane P, then its direction vector is
perpendicular to np. ~ if £ lives in two planes P and Q, its

direction is perp to both np and ng.
~+ A direction vector is np x ng. (Question: what if 2 and Q

llel?
are parallel?) FPKWQ:'E)
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Line of intersection

If £is a line in any plane P, then its direction vector is
perpendicular to np. ~ if £ lives in two planes P and Q, its
direction is perp to both np and ng.

~+ A direction vector is np x ng. (Question: what if P and Q
are parallel?)

Example: Let P be the plane given by 2x + 3y —2z =4 and Q
the plane given by 4x — y + 7z = 1. Find the line of intersection.

W =483, ~2> L3y =Y
V\&tk‘-i'~\,7> g "‘X“‘}Ql
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Solution: Need a direction and a point.
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Solution: Need a direction and a point. for the point fix a z and
solve for x and y. For example, z = 0 is easy.
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Solution: Need a direction and a point. for the point fix a z and
solve for x and y. For example, z = 0 is easy. ~~

2xX + 3y =4,
4x —y =1
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Solution

Solution: Need a direction and a point. for the point fix a z and
solve for x and y. For example, z = 0 is easy. ~~

Xty =4 %(m—l:‘{,

X — y—1
Rl / 2-(3)
x=1/2,y=1. ‘4)&. l ‘.J_

2x+ 2 (Yx- l\ Y
Ixt i -3 =Y
ldx="7
x= Yo

- —
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Solution: Need a direction and a point. for the point fix a z and
solve for x and y. For example, z = 0 is easy. ~~

2xX + 3y =4,
4x —y =1

x=1/2,y=1.(1/2,1,0) is on line.

 —————————
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Solution: Need a direction and a point. for the point fix a z and
solve for x and y. For example, z = 0 is easy. ~~

2xX + 3y =4,
4x —y =1

x=1/2,y=1.(1/2,1,0) is on line.
Direction from cross product: np = (2,3, -2), hg = (4, —1,7)

w

Np X hg = (19, -22, —14)

‘—w@
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Solution: Need a direction and a point. for the point fix a z and
solve for x and y. For example, z = 0 is easy. ~~

2X + 3y = 4, ; ‘37’0
4x —y =1

x=1/2,y=1.(1/2,1,0) is on line.
Direction from cross product: np = (2,3, -2), hg = (4, —1,7)

Np X hg = (19, -22, —14)
Line is given by

r(t) = (1/2,1,0) + (19, -22,—14).
~
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Solution: Need a direction and a point. for the point fix a z and
solve for x and y. For example, z = 0 is easy. ~~

2xX + 3y =4,
4x —y =1

x=1/2,y=1.(1/2,1,0) is on line.
Direction from cross product: np = (2,3, -2), hg = (4, —1,7)

Np X hg = (19, -22, —14)

Line is given by <X 5’-§~27,
2GR+ 3D - 2(d=
r(t) = (1/2,1,0) + t (19, -22, —14). -==

U~9 +72=1 " q(3e) —(-21) ()= ...= )

Can check by pIugg\ng in! _
VIO = {latle, (-22, c>»-l¢l>:<a ‘e, 7'\‘ M

Lines and planes




Exercise

+02
- |
Let P be the plane given by x — y = 4 and O the plane given by
2X Tyt 2z = —1. Find line of infersection .

V\?—<l —+,07 Rg= 424 %2

Se+ =0 x;e-:_‘-’
—-% _
Zxt o t2z="| %, ?a«’v'?—z" \

dz = —|—2x
2= 2% — =V =AM ="V
2< =

Pe:tu."" ((5 < q \ 0' -q/L$




Exercise

Let P be the plane given by x — y = 4 and O the plane given by
2x + y + 2z = —1. Find line of intersection /.
Point (1,-3.0)ison?. np = (1,—1,0) and ng = (2,1,2) so

direction is
Np X Ng —{— _273>
so / is given by “P’(WE ~ ) ‘I #lg (> c (‘2&3 "f &—@
3 I
r(t)=(1,-8,0) +t(-2,-2,3). H:(\"(’"‘)
- =70-23
C (6 = LY,.0, %2 + 42,723 3

G AEP IS



= 4‘-!—2)’ -2 «)_5'0 ._q/t>
= (L)1°|~q/'z,>




