Calculus of vector valued functions

June 1, 2020

Calculus of vector valued functions



Big Picture for today

Big Picture: Vector valued functions look like parametrized
curves. We can do calculus with the components of the
function.
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Recall: Let f be a function f : (a, b) — R. If f is differentiable at
Xo, then slope is f'(xp).
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Recall: Let f be a function f : (a, b) — R. If f is differentiable at
Xo, then slope is f'(xp).

~ tangent line. If f(xg) }/o,
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Recall: Let f be a function f : (a, b) — R. If f is differentiable at
Xo, then slope is f'(xp).
~ tangent line. If f(xo) = Yo,

Y — Yo = f'(X0)(Xx — Xo).

Question: What about a curve in space?
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Recall: Let f be a function f : (a, b) — R. If f is differentiable at
Xo, then slope is f'(xp).
~ tangent line. If f(xo) = Yo,

Y — Yo = f'(X0)(Xx — Xo).

Question: What about a curve in space? Start again with line:
if y = mx + b, then¥(t) = (0, b) + t (1, m) gives the same line.
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Calculus of vector valued functions



Slope

Recall: Let f be a function f : (a, b) — R. If f is differentiable at
Xo, then slope is f'(xp).
~ tangent line. If f(xo) = Yo,

Y — Yo = f'(X0)(Xx — Xo).

Question: What about a curve in space? Start again with line:
if y = mx + b, thenr(t) = (0,b) + t (1, m) gives the same line.
Direction vector (1, m) is parallel to line. %~
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Recall: Let f be a function f : (a, b) — R. If f is differentiable at
Xo, then slope is f'(xp).
~ tangent line. If f(xo) = Yo,

Y — Yo = f'(X0)(Xx — Xo).

Question: What about a curve in space? Start again with line:
if y = mx+ b, thenr(t) = (0, b) + t (1, m) gives the same line.

Direction vector (1, m) is parallel to line.

Observe: If we differentiate component-wise ~~ (1, m) direction
vector!
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Tangent lines

If r(t) = (£(t), g(t), h(t)),

Figure: A curve and two nearby points.
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The derivative
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The derivative

Ax, etc. are interms of t: Xop + Ax = f(fp + Atl).
-"/_'7\
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The derivative

Ax, etc. areinterms of t: xg + Ax = f(f + At).

PQ = (f(t+ A, g(t + Ab), h(t + AD) — (F(1), g(1), (1))

—_
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The derivative

Ax, etc. areinterms of t: xg + Ax = f(f + At).

PQ = (f(t + At), g(t + At), h(t + At)) — (£(1), g(1), h(1)) ,

r(t+ A —r(t)

limit (if it exists) gives direction of line through P and Q.
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Tangznt line example

1 =LS (£, 4 EO,WE>

Definition: If 7, g, h are differentiable at f, then

r'(t) = (f'(1),9'(1), M (1))
gives tangent direction if ¥'(t) # 0.

Tla = 5O 36, hsS
‘ﬁ\(,ﬁ'- 45“(&\,%‘(6, K>
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Tangent line example

Definition: If 7, g, h are differentiable at f, then

v'(t) = (F(1).9'(t), H'(1))

gives tangent direction if ¥'(t) # 0.
Example: In R?, consider f(x) = x2.
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Tangent line example

Definition: If 7, g, h are differentiable at f, then
r'(t) = (f'(1),9'(1), M (1))

gives tangent direction if ¥'(t) # 0.
Example: In R?, consider f(x) = x2.
Tangent line in (x, y):

Y — Yo = f'(X0)(Xx — Xo) ~ ¥ = x§ + 2Xo(X — Xo)
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Tangent line example

Definition: If 7, g, h are differentiable at f, then

v'(t) = (F(1).9'(t), H'(1))

gives tangent direction if ¥'(t) # 0.
Example: In R?, consider f(x) = x2.
Tangent line in (x, y):

Y — Yo = f'(X0)(Xx — Xo) ~ ¥ = x§ + 2Xo(X — Xo)

At point (3,9)?
= y—9=6(x—-23)
= ox-13 +4
¢ = ox—9




Example continued

Su= x& VS = 43 @=L,

CO= NI (@)
F D= 0,65

y= 6(et3)~7

= 6 +18~14
=Gt +9
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Example continued

Parametric: r(t) = (t, t?) same curve (why?) Tangent direction
r(t) = (1,21).
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Example continued

SO = 5%
Parametric: r(t) = (t, t?) same curve (why?) Tangent direction
r'(t) = (1,2t). At a point r(ty), line is

S(t) = I’(to) + t<1,2t0>
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Example continued

Parametric: r(t) = (t, t?) same curve (why?) Tangent direction
r'(t) = (1,2t). At a point r(ty), line is

S(t) = I’(to) + t<1,2t0>

At (3,9), ty = 3, write r(3) = (3,9), so

s(t) =(3,9) +t(1,2(3))
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Example continued

Parametric: r(t) = (t, t?) same curve (why?) Tangent direction
r'(t) = (1,2t). At a point r(ty), line is

S(t) = I’(to) + t<1,2t0>

At (3,9), ty = 3, write r(3) = (3,9), so

s(t) =(3,9) +t(1,2(3))

Solve for y in terms of x?
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Example continued

Parametric: r(t) = (t, t?) same curve (why?) Tangent direction
r'(t) = (1,2t). At a point r(ty), line is

S(t) = I’(to) + t<1,2t0>

At (3,9), ty = 3, write r(3) = (3,9), so

s(t) =(3,9) +t(1,2(3))

Solve for y in terms of x?

~ Yy —9=6(x—3).
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Exercise

Let f(x) = x3. 1) Find the tangent line at (—2, —8). \&S"‘g\ Calce L
2) write as a vector valued function. =

% 3) Compute the tangent line using this vector valued function.
4) Solve to make sure they are the same line.

S =3xF
4 Yo = F'Xo) (X-%3)
4= 307 (X= D+ (-9)
r 2 (x+2) —8
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Exercise

Let f(x) = x3. 1) Find the tangent line at (—2, —8).

2) write as a vector valued function.

3) Compute the tangent line using this vector valued function.
4) Solve to make sure they are the same line.

1)y =-8+3(-2)*(x+2) = -8+ 12(x +2)

f:i .3 (o) = 46, &>
=x>=
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Exercise

Let f(x) = x°. 1) Find the tangent line at (-2, —8).
2) write as a vector valued function. —
Compute the tangent line using this vector valued function.

3)
4) Solve to make sure they are the same line.
1)y =-8+3(-2%x+2)=-8+12(x +2)
2)r(t) = (t,£%); g = =2

&=x=-2, r()=<1,3t">
(;3 _L&_a - e =y =5 =¢ ) 3(‘2)1>

L) =F(+ & 6
=25+ L\ 12D
= &, -gHzep
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Exercise

Let f(x) = x3. 1) Find the tangent line at (-2, —8).
2) write as a vector valued function.

3) Compute the tangent line using this vector valued function.
4) Solve to make sure they are the same line.
y=-8+3(-2)%(x+2)=-8+12(x +2)

r(t) = <t ), g = —2 -
s(t) = ,\—2 3>+t<1 3(—2)?)

X==2+t Y= -3+llt
= ~%+[Z(§+2.3
3‘ =2 tI2((~2+d) +_’_L_>

T -2tz (&)
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Exercise

Let f(x) = x3. 1) Find the tangent line at (—2, —8).
2) write as a vector valued function.
3) Compute the tangent line using this vector valued function.
4) Solve to make sure they are the same line.
1)y =-8+3(-2)*(x+2) = -8+ 12(x +2)
2) r(t) = (t,3); to = -2
3) s(t) = (—2,(—2)°) + t(1,3(—2)?)
4) x = -2+ 1, y_—8+12t
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Exercise

Let f(x) = x3. 1) Find the tangent line at (—2, —8).
2) write as a vector valued function.
3) Compute the tangent line using this vector valued function.
4) Solve to make sure they are the same line.
1)y =-8+3(-2)*(x+2) = -8+ 12(x +2)
2) r(t) = (t,3); to = -2
3) s(t) = (—2,(—2)°) + t(1,3(—2)?)
4) x = -2+ 1, y_—8+12t

~ Yy =—-8+12(x + 2)
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Example: Let r(t) = (cost,sint, f). Find the tangent line to this

curve at the point (—_1,0,3772. -
DAdd €=37 - & testE=-)

D Fd R'ei .
F'(0) =< -sint,cat D)\
FGD =& —sn(30) ( (03(3) VD
= Loy -1

) T = Rib) + &R =~ 03t TSN
) St = E) 2P TS
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Example: Let r(t) = (cost,sint, t). Find the tangent line to this
curve at the point (—1,0, 37).
Goes through that point at t = 3.
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Example: Let r(t) = (cost,sint, t). Find the tangent line to this
curve at the point (—1,0, 37).

Goes through that point at t = 37. ¥'(t) = (—sint,cost, 1), SO
'(37) = (0,—1,1).
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Example: Let r(t) = (cost,sint, t). Find the tangent line to this
curve at the point (—1,0, 37).

Goes through that point at t = 37. ¥'(t) = (—sint,cost, 1), SO
'(37) = (0,—1,1). Tangent line is

s(t) = (—1,0,37) +t(0,—1,1).
= (’\, (o) l3ﬂ> —t(o\‘(\\7
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Exercise

DF-d bo
D Fd & tto\
2) wwﬂ, A= FUOY © v (w)
Let r(t) = (#° —1.1* + 2,3t + 5). Find tangent line through

pomt P (0.3.2). =

\{gz-.—o t—-\,\ '@

Ll =3  (DY+2= )+1-—3"
36 = A (NS =B F X
N 2= 112=3— to=—|
BED 5= -343 T AV

:ml‘u) = Las, 422,30, P (0= &-2 4. Y137
—<-2 =49,3>

%’(Q = (03,27 + T K2 ,-4,3D =42, 3-4¢; ardt)



Exercise

Let r(t) = (#* — 1,t* + 2,3t + 5). Find tangent line through
point P(0,3,2). r goes through P at t = —1. 1 = (2t,413,3), ~
direction ¥'(—1) = (-2, —-4,3). ~ line

s(t) = (0,3,2) + t (—2, -4, 3)
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Exercise

A/~ - & . —
r ('2% = 7 (ay) (;r' C?A-;\)c av (at) L

Eﬂ’( \ t ]a-,e(-m.,__mr,\
rlzey = ¢ (26— ), (20 +2, 3(z0)+s

L 4 - .
Let r(t) = (#° —1,t* + 2,3t +5). Find tangent line through
point P£(0,3,2). r goes through P at t = —1. 1 = (2t,413,3) 4
irectionr'(—1) = (-2,—4,3). ~ line

t= - s(t) = (0,3,2) + t (—2,—4,3)

What about other direction (2,4, —3)7
A_J_—
27 (D
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Unit tangent vector

Often do not need length to specify a line. Let r(t) be a vector
valued function.
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Unit tangent vector

Often do not need length to specify a line. Let r(t) be a vector
valued function.
r'(t)

v

T(t) =

Note this could be quite messy!
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Unit tangent vector

Often do not need length to specify a line. Let r(t) be a vector
valued function.
r'(t)

v (6]
2z | 44
Note this could be quite messy! ,"1*7‘@ UL 5445)

Example: From previous example: I’ = (2t,4t°,3), so

T(t) =

(2t,413,3)
(412 + 1616 +9)1/2

T(t) =

so even though v’ is polynomial, T(t) is awful!

Calculus of vector valued functions



Earpl: Fial He wnt et vector for
Py = (&5, el wl£)7
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Y+ 4+ Vi
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Unit tangent vector

Often do not need length to specify a line. Let r(t) be a vector
valued function.
r'(t)

1O =@

Note this could be quite messy!
Example: From previous example: ¥ = (2t,43,3), so

(2t,413,3)
(412 + 1616 + 9)1/2 l‘f ()( Qﬁ%
though / I, T(t) is awful! \
Example: 110 (coy an( ) s k&l-ﬁ%‘
r'(t) —< 31‘2 sm(t3) 3% cos(t°) >andT = (—sin(t3), cos(t°)
IY( T)( = L% §m Lf’)) + Ltzccs ()= (3 Cg-) (5‘“& )

T(t) =




Oorde is :)w(.(-— ?‘kﬁﬁ-\ = ((oS(ﬁ) SinLﬂ)

1L vetmrion s 2T Astence
2'[02;'?
be 0 1 G220 s AR vt

—_—
)= £ —su@), )



Unit tangent vector

Often do not need length to specify a line. Let r(t) be a vector
valued function. . >
Py FOL0

Note this could be quite messy!
Example: From previous example: t' = <2t, 4t@, SO

(2t,413,3)
(412 + 1616 +9)1/2

T(t) =

so even though v’ is polynomial, T(t) is awful!

Example: r(t) = (cos(t?),sin(t%)) has

r'(t) = (—3t%sin(3), 3t% cos(£3)) and T(t) = (—sin(t3), cos(£°)).
T(t) is used in some kinds of geometry.

[—
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Properties of the derivative

© ©6 ©6 © ©
Qla Qo Qo Qo O
l/_\

%

®
-
=
@

-

onstant vector has 2¢ = 0

u(t) +v(t) = u(t) T V(1) (sum) G (S0 recd)= Foanginy
Hu(t)) = f'(tu(t) + f(t)u'(t) (scalar product rule)

£(£)) = W' (£(1))F(t) (chain rule)

)g t) - v( t)) = u'(tw(t) +u(tw'(t) (vector dot product

Sceqg lonv"

4+ 18I

l

/-\/-\O

f

<~

%(U(l‘) X V(1)) = u'(t) x v(t) +u(t) x Vv/(t) (cross product

rule) — I —

vec tov
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Integration of vector valued functions

We take derivatives componentwise, so we take anti-derivatives
componentwise:
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Integration of vector valued functions

We take derivatives componentwise, so we take anti-derivatives
componentwise:

Definition: Let r(t) = (f(t), g(f), h(t)). If there is a vector
function R(t) = (£(t), G(t), H(t)) such that F' = f, G' = g, and
H' = h, then R is an anti-derivative of r.
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Integration of vector valued functions

We take derivatives componentwise, so we take anti-derivatives
componentwise:

Definition: Let r(t) = (f(t), g(f), h(t)). If there is a vector
function R(t) = (F(t), G(t), H(t)) such that F = f, G’ = g, and
H' = h, then R is an anti-derivative of r.

Example: Does r(t) = (1, sin(t), t cos(t?)) have an
anti-derivative?

F) = S‘bz’dt‘ 't +C,

CJL’” = Sﬁmcﬁcﬁb: ”COSC‘C\ +C’L

- S
=4 sm(g)r(

&u— At
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Integration of vector valued functions

We take derivatives componentwise, so we take anti-derivatives
componentwise:

Definition: Let r(t) = (f(t), g(f), h(t)). If there is a vector
function R(t) = (F(t), G(t), H(t)) such that F = f, G’ = g, and
H' = h, then R is an anti-derivative of r.

Example: Does r(t) = (1, sin(t), t cos(t?)) have an
anti-derivative?

2

QG’)= < bq/q , — (€ z,smLt)> +L< LD
= L - ot b7 T T

R(t) = <t4/4 + ¢y, —cos(t) + Co, ! sin(12) + 03>
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Integration of vector valued functions

We take derivatives componentwise, so we take anti-derivatives
componentwise:

Definition: Let r(t) = (f(t), g(f), h(t)). If there is a vector
function R(t) = (F(t), G(t), H(t)) such that F = f, G’ = g, and
H' = h, then R is an anti-derivative of r.

Example: Does r(t) = (1, sin(t), t cos(t?)) have an
anti-derivative?

R(t) = <t4/4 + ¢y, —cos(t) + Co, % sin(12) + 03>

New thing! The constant of integration is a constant vector.
Can label it c.
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Find antﬁjjrivatives: /, ‘ ‘9]\ E:j—
A X (- *ﬁ‘:vﬁ%(
it R0 rva) e

= (sin*(t), te”!

"R 42t 42 use a &F
ﬁrmu’év o 'p\,'ﬁ..V"’

Sia (7;): J \_—e_czi - siv;l(e\/cz ) = ,’?Q’C?t \

Siat ()= 'E— css (20
T

tde= (L — ca D W= o
S%mi«' & 57; = Je do= 26

= 1 -
—z-'t Z%S oS L,L‘\'\g'd‘b

—

37:1- - 3{‘ Sco:»(’l&\&u
- L r = 5 by slulen i
= L& ~—psh@) TG = 25 M
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w=t

du=dt

(eetde=t &%) -3 _o*

)= (et re
-tet-et ey
5-611\—1‘,4.& + = )
) +(Fr2xt)
= \
U= ‘b‘*) = \

|

aretan (WY +Cs

Arcton( £ +) ¢z



Exercises

Find anti-derivatives:

r(t) = { sin®(t). te !
(1) <Sm()’e ’t2+2t+2>

R(t) = ((1/2)t — (1/4)sin(2t), —te ™" — e ", arctan(t + 1)) +E:S

Calculus of vector valued functions



%’4

< s
1T 1

F=ja) | 9x9( = 4l JB[I3) s(_»]@_

= ) ‘I.QKLONH( l 1\ \H%(Og(. g7&

,é%}d”’ 5M%ﬂ/

{ il §orer
;‘id: % Py w?Cﬂ)) — 551447’[ )&) QOSC)‘)
U= Salx)

C»‘U:=- B d A

-l,éuo"’? e L '%"quy
= 64&1047



