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Big Picture for today

Big Picture:
For a limit to exist in dimensions 2 and 3, must get the same
limit along any direction.
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Recall: For a single variable function f : (a, b) — R, we have 3
kinds of limits, the limit, the left-hand limit, and the right-hand
limit.
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Limits

Recall: For a single variable function f: (a, b) — R, we have 3
kinds of limits, the limit, the left-hand limit, and the right-hand
limit. The limit exists if the left-nand and right-hand limits are
the same. That is, from all directions.
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Recall: For a single variable function f: (a, b) — R, we have 3
kinds of limits, the limit, the left-hand limit, and the right-hand
limit. The limit exists if the left-nand and right-hand limits are
the same. That is, from all directions.
Definition: Let D be a domainin R> and let f : D — R be a
function. For Po(xo yo) we say the function f has limit L at Py if
for every e > O there exists § > 0 such that if P(x, y) satisfies
0<|(x—X0,Y—Yo)| <9,then|f(x,y)—L|<e.
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Recall: For a single variable function f: (a, b) — R, we have 3
kinds of limits, the limit, the left-hand limit, and the right-hand
limit. The limit exists if the left-nand and right-hand limits are
the same. That is, from all directions.

Definition: Let D be a domainin R> and let f : D — R be a
function. For Py(xg, yp) we say the function f has limit L at Py if
for every € > 0 there exists § > 0 such that if P(x, y) satisfies
0 <|(Xx—Xo,Y—Yo)| <d,then |f(x,y) — L| <e.

In this case, we write

lim f= Ilim f(x,y)=1L
(X,¥)—(Xo0.Y0) P—Po (x.5)
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Recall: For a single variable function f: (a, b) — R, we have 3
kinds of limits, the limit, the left-hand limit, and the right-hand
limit. The limit exists if the left-nand and right-hand limits are
the same. That is, from all directions.

Definition: Let D be a domainin R> and let f : D — R be a
function. For Py(xg, yp) we say the function f has limit L at Py if
for every € > 0 there exists § > 0 such that if P(x, y) satisfies
0 <|(Xx—Xo,Y—Yo)| <d,then |f(x,y) — L| <e.

In this case, we write

lim f= Ilim f(x,y)=1L
(X,¥)—(Xo0.Y0) P—Po (x.5)

Intuitively: the limit exists if P close to Py implies f is close to L.
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Recall: For a single variable function f: (a, b) — R, we have 3
kinds of limits, the limit, the left-hand limit, and the right-hand
limit. The limit exists if the left-nand and right-hand limits are
the same. That is, from all directions.

Definition: Let D be a domainin R> and let f : D — R be a
function. For Py(xg, yp) we say the function f has limit L at Py if
for every e > 0 there exists § > 0 such that if P(x, y) satisfies
< |[{(X=Xo,¥ —Yo)| <9, then|f(x y)— Ll <e

In this case, we write
o.000l|,

L =0.0000 ool

lim f= lim f(x =L
(X,¥)—(X0,%0) P— Py (x.y) =

Intuitively: the limit exists if P close to Py implies f is close to L.
Note: The function f need not be defined at (xg, yp)- If the
function is defined at (X0, ¥o) and f(xp, yo) = L, the fis
continuous at (X, ¥o)-
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Example: Let f = ax + gy be linear. Domain is R? and at each

point PO(XanO) we have
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Examples

Example: Let f = ax + Sy be linear. Domain is R? and at each
point P()(Xo, yo) we have

lim f=axy+ Y.
(x,y)—(X0,¥0)

Proof: Idea: make x — xp and y — yp show up.
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Example: Let f = ax + 8y be linear. Domain is R? and at each
point Po(Xo, yo) we have

lim f= oXo + BYo.

(X,¥)—(X0:)0)

Proof: Idea: make x — xp and y — yp show up. For any (x, y),
we have

1S =L | SO 6 RARN-| 0
(X, y) — (aXo + Byo)| = (X — X0) + By — yo).
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Example: Let f = ax + Sy be linear. Domain is R? and at each
point Po(Xo, yo) we have

lim f=axy+ Y.
(x,y)—(X0,¥0)

Proof: Idea: make x — xp and y — yp show up. For any (x, y),
we have

1f(x,y) — (aXo + BYo)| = |a(Xx — X0) + B(Y — Yo)!-

If (x, y) is close to (xg, ¥o) then |x — xp| and |y — yp| are both
small.
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Example: Let f = ax + Sy be linear. Domain is R? and at each
point Po(Xo, yo) we have

lim f=axy+ Y.
(x,y)—(X0,¥0)

Proof: Idea: make x — xp and y — yp show up. For any (x, y),
we have

1f(x,y) — (aXo + BYo)| = \&(X; Xo) + B(Y — Yo)l.

If (x,y) is close to (xp, ¥o) then |x — xp| and |y — yp| are both

small. ~ use triangle inequality:
\aat L) € |a| & lb)

(X — Xg) + By — Yo)I < |a(x — xo)| ﬂﬁ(y — Yo)|
* v <Jallx — x| + [Blly — vl
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We also have |(x — xo, ¥ — yo)| = ((x — X0)® + (¥ — ¥0)?)"/2, s0

—

(X — X0, ¥ — Yo)| = |X — Xo| and also > |yr—_j)|-
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We also have |(x — xo, ¥ — yo)| = ((x — X0)® + (¥ — ¥0)?)"/2, s0
(X — X0, ¥ — Yo)| > |[Xx — Xo| and also > [y — yo|.

Then

ol [x = X0l +[Blly — Yol < lall[(X=Xo,y = yo) |+ [BI[{X = X0, ¥y = yo),
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We also have |(x — xo, ¥ — yo)| = ((x — X0)® + (¥ — ¥0)?)"/2, s0
(X — X0, ¥ — Yo)| > |[Xx — Xo| and also > [y — yo|.

Then

o] IX =Xo| + 1511y — ol < lal[{(X=Xo, ¥ —yo)[+[B]| (X = X0, ¥y —yo)l.

or /
L
(%, y) = (aXo + Byo)| < (laf +[B])|(x — X0, ¥ — Yo)| = O
To! Mo

as (x,y) — (X0, Yo)-
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Exercises

Example: Let f(x, y) = x2 + y2. Prove that
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Exercises

Example: Let f(x, y) = x2 + y2. Prove that

lim f=13.
(x.y)—=(2,3)

Exercise: Let f(x, y) = xy. Prove that | (x-3, 9+Te| < &
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Exercises

Example: Let f(x, y) = x2 + y2. Prove that

lim f=13.
(x.y)—=(2,3)

Exercise: Let f(x, y) = xy. Prove that

lim f=—6.
(X>y)_>(37_2)

Ixy —(—6)| = |[(x —3+3)(y +2—2) + 6]
— =|(x-3)(y+2-2)+3(y +2—2) + 6|
=|(x=3)(y+2)—2(x—3)+3(y +2) — 6+ 6
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Another method

Idea: Roughly, the limit exists if for every continuous
parametrized curve r(t) = (x(t), y(t)) with r(ty) = (xo, yo) we
have - —

lim f(x(t), y(1)) = L

I—1

-
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Another method

Idea: Roughly, the limit exists if for every continuous
parametrized curve r(t) = (x(t), y(t)) with r(ty) = (xo, yo) we
have

lim f(x(t), y(1)) = L

I—1

If the (single variable) limit along every possible curve exists
and equals L, then the limit exists.
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Another method

Idea: Roughly, the limit exists if for every continuous
parametrized curve r(t) = (x(t), y(t)) with r(ty) = (xo, yo) we
have

lim f(x(t), y(1)) = L

t—1

If the (single variable) limit along every possible curve exists
and equals L, then the limit exists.
Problem: How do you check every possible curve?
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Another method

Idea: Roughly, the limit exists if for every continuous
parametrized curve r(t) = (x(t), y(t)) with r(fp) = (xo, ¥o) we
have

lim f(x(t),y(t)) =L

t—1

If the (single variable) limit along every possible curve exists
and equals L, then the limit exists.

Problem: How do you check every possible curve? You don't.
This is used to prove a limit does not exist. If there are (at least)
2 paths along which there are different limits, then the limit
does not exist.
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An example

—_ - ©
Example: For (x, y) # (0,0), let S(oy= A+t ©

f(Xay):—
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An example

Example: For (x, y) # (0,0), let

Xy

f(X,Y)Zm

Then limy ,y_,(0,0) f(X, y) does not exist.
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An example

Example: For (x, y) # (0,0), let

Xy
f(X,Y)Zm

Then limy ,y_,(0,0) f(X, y) does not exist.
Proof: Find (at least) two pathS' start with linear r(t) = (at, bt).

TN = 200> Lo FWRW)
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An example

Example: For (x, y) # (0,0), let

Xy

f(X,Y)Zm

Then limy ,y_,(0,0) f(X, y) does not exist.
Proof: Find (at least) two paths: start with linear r(t) = (at, bt).

Then AR abt? ab
X0V = e~

Limits and continuity



An example

Example: For (x, y) # (0,0), let

Xy
f(X,y) — x2+y2
Then limy ,y_,(0,0) f(X, y) does not exist.
Proof: Find (at least) two paths: start with linear r(t) = (at, bt).

Then
abt? ab

YD = 2~ 21

For different values of a and b we get different limits. (For
example, a—1 =1vs.a=1, b——1 )
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Exercises
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Exercises

Exercise: For (x,y) # (0,0), let

(x —2y)?
X2 4y?

f(X,y):

Prove that lim(y ,,y_;(x,.y,) f dO€S not exist.
Example: For (x, y) # (0,0), let

X
X2 4+ y4

—_——

f(x,y) =
Prove lim(, ,)_5(0,0) f do€s not exist.
—
(D =" 4D

< _
Fo, (4 = (2,0
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