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Big Picture for today

Big Picture:
For a limit to exist in dimensions 2 and 3, must get the same

limit along any direction.
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Limits

Recall: For a single variable function f : (a, b) ! R, we have 3

kinds of limits, the limit, the left-hand limit, and the right-hand

limit.

The limit exists if the left-hand and right-hand limits are

the same. That is, from all directions.

Definition: Let D be a domain in R2 and let f : D ! R be a

function. For P0(x0, y0) we say the function f has limit L at P0 if

for every ✏ > 0 there exists � > 0 such that if P(x , y) satisfies

0 < | hx � x0, y � y0i | < �, then |f (x , y)� L| < ✏.
In this case, we write

lim
(x ,y)!(x0,y0)

f = lim
P!P0

f (x , y) = L

Intuitively: the limit exists if P close to P0 implies f is close to L.

Note: The function f need not be defined at (x0, y0). If the

function is defined at (x0, y0) and f (x0, y0) = L, the f is

continuous at (x0, y0).
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Examples

Example: Let f = ↵x + �y be linear. Domain is R2 and at each

point P0(x0, y0) we have

lim
(x ,y)!(x0,y0)

f = ↵x0 + �y0.

Proof: Idea: make x � x0 and y � y0 show up. For any (x , y),
we have

|f (x , y)� (↵x0 + �y0)| = |↵(x � x0) + �(y � y0)|.

If (x , y) is close to (x0, y0) then |x � x0| and |y � y0| are both

small.  use triangle inequality:

|↵(x � x0) + �(y � y0)|  |↵(x � x0)|+ |�(y � y0)|
 |↵||x � x0|+ |�||y � y0|

Limits and continuity



Examples

Example: Let f = ↵x + �y be linear. Domain is R2 and at each

point P0(x0, y0) we have

lim
(x ,y)!(x0,y0)

f = ↵x0 + �y0.

Proof: Idea: make x � x0 and y � y0 show up.

For any (x , y),
we have

|f (x , y)� (↵x0 + �y0)| = |↵(x � x0) + �(y � y0)|.

If (x , y) is close to (x0, y0) then |x � x0| and |y � y0| are both

small.  use triangle inequality:

|↵(x � x0) + �(y � y0)|  |↵(x � x0)|+ |�(y � y0)|
 |↵||x � x0|+ |�||y � y0|

Limits and continuity



Examples

Example: Let f = ↵x + �y be linear. Domain is R2 and at each

point P0(x0, y0) we have

lim
(x ,y)!(x0,y0)

f = ↵x0 + �y0.

Proof: Idea: make x � x0 and y � y0 show up. For any (x , y),
we have

|f (x , y)� (↵x0 + �y0)| = |↵(x � x0) + �(y � y0)|.

If (x , y) is close to (x0, y0) then |x � x0| and |y � y0| are both

small.  use triangle inequality:

|↵(x � x0) + �(y � y0)|  |↵(x � x0)|+ |�(y � y0)|
 |↵||x � x0|+ |�||y � y0|

Limits and continuity



Examples

Example: Let f = ↵x + �y be linear. Domain is R2 and at each

point P0(x0, y0) we have

lim
(x ,y)!(x0,y0)

f = ↵x0 + �y0.

Proof: Idea: make x � x0 and y � y0 show up. For any (x , y),
we have

|f (x , y)� (↵x0 + �y0)| = |↵(x � x0) + �(y � y0)|.

If (x , y) is close to (x0, y0) then |x � x0| and |y � y0| are both

small.

 use triangle inequality:

|↵(x � x0) + �(y � y0)|  |↵(x � x0)|+ |�(y � y0)|
 |↵||x � x0|+ |�||y � y0|

Limits and continuity



Examples

Example: Let f = ↵x + �y be linear. Domain is R2 and at each

point P0(x0, y0) we have

lim
(x ,y)!(x0,y0)

f = ↵x0 + �y0.

Proof: Idea: make x � x0 and y � y0 show up. For any (x , y),
we have

|f (x , y)� (↵x0 + �y0)| = |↵(x � x0) + �(y � y0)|.

If (x , y) is close to (x0, y0) then |x � x0| and |y � y0| are both

small.  use triangle inequality:

|↵(x � x0) + �(y � y0)|  |↵(x � x0)|+ |�(y � y0)|
 |↵||x � x0|+ |�||y � y0|

Limits and continuity



Continued

We also have |hx � x0, y � y0i| = ((x � x0)
2 + (y � y0)

2)1/2, so

|hx � x0, y � y0i| � |x � x0| and also � |y � y0|.

Then

|↵||x�x0|+ |�||y �y0|  |↵||hx�x0, y �y0i|+ |�||hx�x0, y �y0i|,

or

|f (x , y)� (↵x0 + �y0)|  (|↵|+ |�|)|hx � x0, y � y0i| ! 0

as (x , y) ! (x0, y0).
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Exercises

Example: Let f (x , y) = x2 + y2. Prove that

lim
(x ,y)!(2,3)

f = 13.

Exercise: Let f (x , y) = xy . Prove that

lim
(x ,y)!(3,�2)

f = �6.

|xy � (�6)| = |(x � 3 + 3)(y + 2 � 2) + 6|
= |(x � 3)(y + 2 � 2) + 3(y + 2 � 2) + 6|
= |(x � 3)(y + 2)� 2(x � 3) + 3(y + 2)� 6 + 6|
 |x � 3||y + 2|+ 2|x � 3|+ 3|y + 2|
! 0

as | hx � 3, y + 2i | ! 0.
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Another method

Idea: Roughly, the limit exists if for every continuous

parametrized curve r(t) = hx(t), y(t)i with r(t0) = hx0, y0i we

have

lim
t!t0

f (x(t), y(t)) = L

If the (single variable) limit along every possible curve exists

and equals L, then the limit exists.

Problem: How do you check every possible curve? You don’t.

This is used to prove a limit does not exist: If there are (at least)

2 paths along which there are different limits, then the limit

does not exist.
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An example

Example: For (x , y) 6= (0, 0), let

f (x , y) =
xy

x2 + y2

Then lim(x ,y)!(0,0) f (x , y) does not exist.

Proof: Find (at least) two paths: start with linear r(t) = hat , bti.
Then

f (x(t), y(t)) =
abt2

a2t2 + b2t2
=

ab
a2 + b2

.

For different values of a and b we get different limits. (For

example, a = 1 , b = 1 vs. a = 1, b = �1.)
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Exercises

Exercise: For (x , y) 6= (0, 0), let

f (x , y) =
(x � 2y)2

x2 + y2
.

Prove that lim(x ,y)!(x0,y0) f does not exist.

Example: For (x , y) 6= (0, 0), let

f (x , y) =
xy2

x2 + y4
.

Prove lim(x ,y)!(0,0) f does not exist.
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