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Partial derivatives



Big Picture for today

Big Picture: Partial derivatives tell you how a function changes
In one direction.
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Partial derivatives: motivation

Let f(x,y) = x — y. Sketch some level sets for z = f(x, y).
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Partial derivatives: motivation

Let f(x,y) = x — y. Sketch some level sets for z = f(x, y).
Question: How does the graph of f change in the x direction?
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Partial derivatives: motivation

Let f(x,y) = x — y. Sketch some level sets for z = f(x, y).
Question: How does the graph of f change in the x direction?
y direction?

Idea: Freeze one variable: If y = y; is constant,

g(x) = f(x, ¥o) = X — yp is a function of one variable.
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Partial derivatives: motivation

Let f(x,y) = x — y. Sketch some level sets for z = f(x, y).
Question: How does the graph of f change in the x direction?
y direction?

Idea: Freeze one variable: If y = y; is constant,

g(x) = f(x, ¥o) = X — yp is a function of one variable. ~~

g'(x)=1.
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Partial derivatives: motivation

Let f(x,y) = x — y. Sketch some level sets for z = f(x, y).
Question: How does the graph of f change in the x direction?
y direction?

Idea: Freeze one variable: If y = y; is constant,

g(x) = f(x, ¥o) = x — yp is a function of one variable. ~~

gx)=1.

If x = xp is constant, h(y) = f(xp, ¥) = Xo — y is a function of
one variable. ~ W (y) = —1. B
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Let D be a domain in R? (or R%), f : D — R a function. Let
(X0, Yo) be a point in D.
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Let D be a domain in R? (or R%), f : D — R a function. Let
(X0, Yo) be a pointin D. If

f(xo + h, yo) — f(Xo, Yo S (x-h
m ) L )F@

hW->0

exists, we call it the partial derivative with respect to x.
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Let D be a domain in R? (or R%), f : D — R a function. Let
(X0, Yo) be a pointin D. If

’ f(xo + h, ¥o) — f(X0, Y0)
m
h—0 h

exists, we call it the partial derivative with respect to x.
Notation: If limit exists, call it _Q(xo,yo) or g)’;(xo,yo)., __a,‘?
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Let D be a domain in R? (or R%), f : D — R a function. Let
(X0, Yo) be a pointin D. If

’ f(Xo + h, o) — f(X0, Yo)
m 1 —
h—0 h

exists, we call it the partial derivative with respect to x.
Notation: If limit exists, call it f(xo, yo) or 9L (X0, ¥o).
Similarly, if

f(X0, Yo + 1) — (X0, ¥o)

lim —
h—0 h

exists, call it partial derivative with respect to y and write
fy(Xo¥o) or (X0, Yo).
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Let f(x,y) = x* + 4y2. Compute f,(2, —3) and f,(2, —3) using
the limit formula.
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Let f(x,y) = x* + 4y2. Compute f,(2, —3) and f,(2, —3) using
the limit formula.
Function makes sense everywhere.
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Let f(x,y) = x* + 4y2. Compute f,(2, —3) and f,(2, —3) using
the limit formula.
Function makes sense everywhere. Compute fy:

! f(2+ h,—3) — f(2,-3)
hlno h
((2+ h)* +4(=3)%) — (2° +4(-3)%)

= lim(4+h
hino(+)

=4,
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Similarly,
. f(2,-3 4+ h) — f(2:3)
lim ——
h—0 h
o (22 + 4(—3 + h)?) — (22 + 4(—3)?)
S h 7}
B 7
h—0 h |V 1)
= 24
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Exercise

Let f(x,y) = xy?. Compute £(2,5) and £,(3, —1) using the limit
formula.
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Exercise

Let f(x,y) = xy?. Compute £(2,5) and £,(3, —1) using the limit

formula.
. f(2+ h,5) —1(2,5)
lim
h—0 h
. (2+h)52—2-52
= |lim
h—0 h
~ 00 h
= 25.
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Similarly,
i f(3,—1+ h)—1(3,-1)
h—0 h
B 2 Al 1\2
_ lim 3(—1+ h) 3(—1)
h—0 h

~ im —6h
~ oo h
= —6.
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Compute by freezing one variable

To compute partial derivatives of your favorite functions, freeze
one variable as a “constant”
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Compute by freezing one variable

To compute partial derivatives of your favorite functions, freeze
one variable as a constant

Example: Let f(x,y) = x +4y2 Compute f(x, y) and

y(x.¥). combtauc
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Compute by freezing one variable

To compute partial derivatives of your favorite functions, freeze
one variable as a “constant”

Example: Let f(x, y) = x? + 4y?. Compute fy(x, y) and
fy(x,y). If y is frozen, this looks like a function of only x:

g(x) = x? + constant.
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Compute by freezing one variable

To compute partial derivatives of your favorite functions, freeze
one variable as a “constant”

Example: Let f(x, y) = x? + 4y?. Compute fy(x, y) and
fy(x,y). If y is frozen, this looks like a function of only x:

g(x) = x? + constant. g’'(x) = 2x, so fy(x, y) = 2x.
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Compute by freezing one variable

To compute partial derivatives of your favorite functions, freeze
one variable as a “constant”

Example: Let f(x, y) = x? + 4y?. Compute fy(x, y) and
fy(x,y). If y is frozen, this looks like a function of only x:

g(x) = x? + constant. g’'(x) = 2x, so fy(x, y) = 2x.

Similarly, if x is frozen, f(x, y) = constant + 4y?, so

fy(x,y) =8y.
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Compute by freezing one variable

To compute partial derivatives of your favorite functions, freeze
one variable as a “constant”

Example: Let f(x, y) = x? + 4y?. Compute fy(x, y) and
fy(x,y). If y is frozen, this looks like a function of only x:

g(x) = x? + constant. g’'(x) = 2x, so fy(x, y) = 2x.

Similarly, if x is frozen, f(x, y) = constant + 4y?, so

fy(x,y) =8y.

Double check with previous computation: #(2, —3) = 2(2) = 4,
and f,(2, -3) = 8(—3) = —24.

Partial derivatives



More examples

Example: Let f(x, y) x3y?2 Yl LC.
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More examples

Example: Let f(x, y) = x3y2. If y is a constant, this looks like
g(x) = (constant)x3, which has derivative 3(constant)x?.
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More examples

Example: Let f(x, y) = x3y2. If y is a constant, this looks like
g(x) = (constant)x3, which has derivative 3(constant)x?. ~-

g (x) = fi(x,y) = 3y*x°.
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More examples

Example: Let f(x, y) = x3y2. If y is a constant, this looks like
g(x) = (constant)x3, which has derivative 3(constant)x?. ~-

g (x) = fi(x,y) = 3y*x°.

Similarly, if x is constant, looks like h(y) = (constant)y?, so

H(y) = f,(x,y) = 2x3y
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Exercise
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Exercise

Let f(x,y) = e¥. Compute /s and . Y
X (CemsStont) X (coms "“"H')

) % (>

5:%»-: 3%\ (ch T> = emw’“w‘\ a\ (o vxsr)ew
= =+

Partial derivatives



Exercise

Let f(x,y) = €Y. Compute f, and f,. If y is a constant, this
looks like g(x) = eleenstanx gq

g (x) = f(x, y) = (constant)e(constanx — Xy
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Exercise

Let f(x,y) = €Y. Compute f, and f,. If y is a constant, this
looks like g(x) = eleenstanx gq

g (x) = f(x, y) = (constant)e(constanx — Xy

f}/(va) — Xexy
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Exercises

Exercise: Compute both partial derivatives of the function
f(x,y) = Xy~ cos(X). Sin(K) Sim ¥

Sﬂu' ‘63 = \9’ +3 (N)
5"& =X
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Exercises

Exercise: Compute both partial derivatives of the function
f(x,y) = xy — cos(x).

(X, ¥) =y +sin(x), f,(x,y) =X
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ExPercise: Compute both partial derivatives of the function
f(x,y) = cos(xy)
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Exercise: Compute both partial derivatives of the function
f(x,y) = cos(xy)

(X, y) = —ysin(xy), fy(x,y) = —Xsin(xy)
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Exercise: Compute both partial derivatives of the function

f(x,y) = €Y cos(x) + sin?(y2).
= 2
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Exercise: Compute both partial derivatives of the function
f(x,y) = €Y cos(x) + sin?(y?).

fe(X, y) = 2xye* Y cos(x) — € sin(x)

and
f(x,y) = x2eXY cos(x) + 2sin(y?) cos(y?)2y
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Exercise

Exercise: Let G(r, s, t) = tzs — 14rst. Compute all three partial
derivatives, Lo PURISINTY
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Exercise

Exercise: Let G(r, s, t) = t?s — 14rst. Compute all three partial
derivatives.

Gr(r,s,t) = —14st, Gg(r,s,t) = t?—14rt, Gi(r, s, t) = 2ts—14rs
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Higher order derivatives

Recall: in Calc |, if u(x) is differentiable and v’ is differentiable,
then u”’(x) is computed by (u'(x))’.
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Higher order derivatives

Recall: in Calc |, if u(x) is differentiable and v’ is differentiable,

then u”’(x) is computed by (u'(x))’. If f(x, y) is a function of 2
variables, there are four second derivatives: If f(x, y) is
differentiable in x and f(x, y) is differentiable in x,

oty

fxx(Xa}/) — ax(xay)
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Higher order derivatives

Recall: in Calc |, if u(x) is differentiable and v’ is differentiable,
then u”’(x) is computed by (u'(x))’. If f(x, y) is a function of 2
variables, there are four second derivatives: If f(x, y) is
differentiable in x and f(x, y) is differentiable in x,

oty

fxx(Xa}/) — ax(xay)

Similarly
of
fxy — a—;(xay)
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Higher order derivatives

Recall: in Calc |, if u(x) is differentiable and v’ is differentiable,

then u”’(x) is computed by (u'(x))’. If f(x, y) is a function of 2
variables, there are four second derivatives: If f(x, y) is

differentiable in x and f(x, y) is differentiable in x,

oty

fxx(Xa}/) — ax(xay)

Similarly

of

fxy — a—;(xay)
of,

fyx - E(X’y)
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Higher order derivatives

Recall: in Calc |, if u(x) is differentiable and v’ is differentiable,

then u”’(x) is computed by (u'(x))’. If f(x, y) is a function of 2
variables, there are four second derivatives: If f(x, y) is

differentiable in x and f(x, y) is differentiable in x,

f
fX_.X(Xa.y) — a—;x(x7y)

Similarly
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Let f(x,y) = €Y. Then f, = ye* and f, = xe¥, so
Fiex, = ig_x _
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Let f(x,y) = €Y. Then f, = ye* and f, = xe"¥, so

g_l;)(( _ a(ConS’[a))e((COnst)X) _ (Const)ze(CO”St)X _ yZeXy

Partial derivatives



Let f(x,y) = €Y. Then f, = ye* and f, = xe"¥, so

dfc  O(const)el®nshx)
ox Ox

For fy,, need to use product rule:

— (Const)Ze(const)x _ y2 e

of, aye(const)y

_ (const)y (const)y __ xy Xy
=€ + y(const)e = e’ + xye
dy y (const)
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Let f(x,y) = €Y. Then f, = ye* and f, = xe"¥, so

dfc  O(const)el®nshx)
ox Ox

For fy,, need to use product rule:

— (Const)Ze(const)x _ y2 e

of, aye(const)y

_ (const)y (const)y __ xy Xy
=€ + y(const)e = e’ + xye
dy y (const)

Similarly, f,x = e¥ + xye’ and f,, = x%e¥.
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Exercises
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rcise: Compute aII second order partial derivatives of the
function f(x, y) = cos(xy)
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Exercises

Exercise: Compute all second order partial derivatives of the
function f(x, y) = cos(xy)

f(X,y) = —ysin(xy), fy(x,y) = —xsin(xy)
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Exercises

Exercise: Compute all second order partial derivatives of the
function f(x, y) = cos(xy)

f(X,y) = —ysin(xy), fy(x,y) = —xsin(xy)

SO
fix = —y2 cos(xy), fy, = —ysin(xy) + xy cos(xy)
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Exercises

Exercise: Compute all second order partial derivatives of the
function f(x, y) = cos(xy)

f(X,y) = —ysin(xy), fy(x,y) = —xsin(xy)

SO
foe = —y2 cos(xy), fy = Eysmba)texyeas(0)
and L/l
fox = —sin(xy) — xy cos(xy), f,, = —x°cos(xy)
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