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The chain rule in 1-d

Recall: In 1-d calculus, if f: (a,b) - Rand g : (c,d) — (a, b),
the compositionis f o g(t) = f(g(t)).
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The chain rule in 1-d

Recall: In 1-d calculus, if f: (a,b) - Rand g : (c,d) — (a, b),
the compositionis f o g(t) = f(g(t)). Another way to write:
parametrize x = g(t), so f(x) = f(g(t)).

If f and g are both differentiable,

(flg(1))) = f'(g(1))g'(1)

Higher dimensions? Subtle: What does it mean to be
differentiable?

Definition/Theorem: Let D be a domainin R orR3, f: D — R.
If all first-order partial derivatives exist and are continuous, we
say f is differentiable.
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The chain rule in 1-d

Recall: In 1-d calculus, if f: (a,b) - Rand g : (c,d) — (a, b),
the compositionis f o g(t) = f(g(t)). Another way to write:
parametrize x = g(t), so f(x) = f(g(t)).

If f and g are both differentiable,

(flg(1))) = f'(g(1))g'(1)

Higher dimensions? Subtle: What does it mean to be
differentiable?

Definition/Theorem: Let D be a domainin R orR3, f: D — R.
If all first-order partial derivatives exist and are continuous, we
say f is differentiable. (We will return to this later.
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Chain rule for 1 independent variable

Theorem: Let D be a domainin R* and let f: D — Rbe a
differentiable function. Let x(t) and y(t) describe a
differentiable parametrized curve in D.
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Chain rule for 1 independent variable

Theorem: Let D be a domainin R? andlet f: D — R be a
differentiable function. Let x(t) and y(t) describe a

differentiable parametrized curve in D. Then g(t) = f(x(t), y(t))
is differentiable with respect to t and -

g'(t) = K(x(1), y()X(1) + K (x(1), y (D) y (D).
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Chain rule for 1 independent variable

Theorem: Let D be a domainin R? andlet f: D — R be a
differentiable function. Let x(t) and y(t) describe a
differentiable parametrized curve in D. Then g(t) = f(x(t), y(t))
is differentiable with respect to t and

g'(t) = K(x(1), y(1)x'(t) + £ (x(1), y (1)) y'(1).

Notation: Some times written as: if z = f(x(t), y(¢)), then

8z 0 02 0
dt dt dt

2= S (X(D), YL, W)

dz _ 9= dx Lazj+9zcl?w N

S—

dg = 2~ W 8y d& PN
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Example: linear f
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Let f(x,y) = x+y, x( ) _L,%LL) = 3. Sketch( (1), y(t)) and
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Example: linear f

Let f(x,y) = x+y, x(t) = —t, y(f) = 3t. Sketch (x(¢), y(t)) and
some level sets for f. Let z = f(x(1), y(t)) = x(t) + y(t). Find
dz/dt.

dz (OAdx Ozdy _
at :Qai}dt Toydt = QN NF0Y)3)

= M=)+ (1)@) =2

—

Note: Direction of the curve (x(t), y(t)) matters!
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Example

>
Ho-n=\ / 72

Let f(x,y) = x° + ¥°, x(t) = cost, y(t) = sin(t). Let Yus vl
z = f(x(t), y(t)). Find dz/dt at the point t = —m/2.  oF feias 7

dz 2z dx , 3z d X(-Z)= con (-5
= " ar dv *a&a‘o%, "\___Qc £)

= a}_(—g»\-e) ¥ 91@&;) ‘H-"/a-—::::\"—?;_\

= AU (Ssi(-7)) A0 @3 (R

O (S
Q
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~eH = cost, SIn€>
A = :Za\x.3~}\ PUN= d~sint, o5t
V(Y= {o,-2) <o =i>  REWy=<L 0\ 07
Let f(x,y) = x* + y?, x(t) = cost, y(t) = sin(t). Let
z = f(x(t), y(t)). Find dz/dt at thepoimt T= —x/2.

VS e ‘*\‘?— <°s°z7 ~<\4°?
dz 0zdx Ozdy =0

at " oxdt oy dt
= (2x)(=sin(1)) + (2y)(cos(?))
= (2 cos(—72))(— sin(—m/2)) + (2sin(—n/2))(cos(7/2)) = 0
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= ~ o
X()= O ()= —€ e
Continue to let f = x* + y2. Now let x(t) = &3 cos(f()( € Tos(h)
y(t) = e3sin(t), z = f(x(t), y(t)). Find dz/dt at the point =
- .
ét;__ﬂ_z. %2,: 3% sty —€ S

de 7 X ar e— ’}:.. 3= Ze_ a.\&:)+ é;biostt)

@"3(3& XEY— Q 5‘“‘(1‘% Ely (.3@ 5“4?‘#&@‘%

S Ra——

a(_ Zn/z> [B —3 /o ﬁtw( W’:))

— QQ'-BR/L 6'3‘7/7- — 6 -—3\1

Chain Rule



Continue to let f = x® + y2. Now let x(t) = €3 cos(t),

y(t) = e3sin(t), z = f(x(t), y(t)). Find dz/dt at the point
t=—m/2.

az _ 0z dx N 0z dy
dt ~ dx dt 9y dt
= (2x)(3€% cos(t) — €3 sin(t)) + (2y)(3e% sin(t) + €% cos(t))
= (2673™/2 cos(—37/2))(3e3"/2 cos(—3n/2) — e >"/? sin(—37/2)
+ (26732 sin(—n /2)(3e73"/2 sin(—37/2)) (3632 sin(—37/2)
+ e37/2 cos(—37/2))
— 207 37/2(3e737/2) = ge67/2,

3
/
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Letz=¢e¥ +y? x =1+ 3, and y = t* — 9t. Compute dz/dt.

dz  Jzdx N 0z dy
dat  oxadt Oy dt
= (ye)(3%) + (xe* + 2y)(4t° - 9)
= ((t* — 91)eI T =90 (3¢2)
+((1 4 B)eHONE=9 | o4 _ 9t))(42 — 9)
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Exercise

=Sta(e+)
oy =S OEP N de _ 74
9‘2- I COS(x ,a’) 322 aCQS(Z:&>
Letaz‘d: sm()fz) =12, and y = sm(2t) Compute
dz/dt

dz a2z dxﬁ\ﬂ s“/g(lﬁ‘sm(zﬂ)
J&~ ox & oy

- D’“ﬁ@ (x ~(;“~7,1§+[_X m(ﬂﬂ&a@( |
E(' —£%) sin(2e) s (() t‘)"smm)) Ji,za
" ):C ' “*L eo3( (1~ in (Zr)ﬂ@cc&ézf}
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Exercise

Let z = sin(x?y) — x, x = 1 — 2, and y = sin(2t). Compute
dz/dt.

dz 0zdx 0zay
at ~ oxdt oy df
= (2xy cos(x2y) — 1)(—2t) + (x? cos(x2y))(2 cos(2t))
=(2(1 - t2)(sin(2t) cos((1 — t2)2 sin(2t))))(—2t)
+ ((1 = t%)? cos((1 — t2)?sin(21))(2 cos(21).
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%: Oconle) (et Y(r)= MZQL)—”/J-

Yz
st = ()[R (20) | ptod= C1ED)
E%Let Z="2Xxy — X° + cos(?(yz), X = eoszgtg, andy = (1 + tzg_l/.z.

at the point t = T.

% 96% ?fé *’2‘% fff o= = Ay L )
e

c S S ga'i'.___ AR+ a"‘}(ﬁ\\w(x‘ﬂ)

=Sin(W) =1
- [a ‘a ,Z)&}Z(%‘I%(X‘f’ﬂl( 26 (——s.v? -&3‘3 A 'F"*Z"of.!vn
- ( %+ 3 }&C\S?m()_(‘z%\)l (_ & + £1)’3/z.>
:):Q - ( HR"LY‘{L $‘m( L'Wl)v\31 [_71 (l “H77’)~3/23
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Let z = 2xy — X2 + cos(xy?), x = cos?(t), and y = (1 + t2)~1/2
at the point t = .
Att=m,x=1andy= (147212 so0

%2 _ (2y — 2x— y2sin(xy2)(~2sin(t) cos(t)

+ (2x — 2xysm(xy N (—t(1 +t2) 3/2)
= (2(1 -|—7T2) 2z —-2—(1 -|—7T2) sin((1 -|—7T2)_1))(0)
+(2—-2(1+ 7r2)_1/2 sin((1 + 72) ") (—n(1 + 72)73/2)
= (2—2(1 +72) " 2sin((1 + 72) ")) (—=r(1 4+ 72)3/?)
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Exercise

%: g —2xq?S 20— 2 —3* 4y %L?; = ot
a

A2

g"ﬁ = K"Xlzg %—Zé = -7[57401{% a—zt:’—; ot~
I‘_%t W = xy +22° — x°yz3, x = cos(7t), y = 2 — 1, and z = 213.
Find dw/dt when t = 1. xu)=-A FWO=D, 20O =

dw _ gwdw , ow ow ¢

e = %:J_R "az/ je iz de

= (4202 )l (1-22(22)
T (Yo~ Bchﬁ\(étz)
= (== (¥ (N (D) + (9@)-0)b)

= d-8)(a) + (3 (®

= -8 +Y8=[30)
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Exercise

Qu_ d 2 3
T T (comttma—x F et 57— K& ( Conshu“’)(wma

— Qc ous_-fug..Lﬂr) 0o — aAn C@n;gfiuf\@owsﬁw\—a%

ey
Let w = xy +22° — x°yz°, x = s(rt), ¥ = t2 —\h\a(nd z=2r.
Find dw/dt when t = 1.

Att=1,x=-1,y=0,andz=2,86—— ‘3-2&\'3.23
C;—V: = (y — 2xyz>)(—nsin(n(1))) + (x — x°Z°)(21)
+ (4z — 3x2yz°)(61%)
=(0) + (=3)(2) + (8 — 0)(6)
— 42 1

20
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Chain rule with two independent variables

This gets complicated...
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Chain rule with two independent variables

This gets complicated...
Example: Let z = x%y +2y? — 6, x = 15, y = 12 + 5. Compute

0z/dtand gz/0satt=1,s=—2. X ~D= —2

-_—

\?5/3(
%
o\/"?/’ \'EYV ‘i&_?_z.%k%’i%

X 26 é_—fd: L,

S(M 2
f?“ e




= By b O ) (20

T MDD F (e 24 (DY (3D)
— -—% S
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=areEnenm =4




Chain rule with two independent variables

This gets complicated...

Example: Let z = x°y +2y° — 6, x = ts, y = t* + s. Compute
0z/0tand 0z/0satt=1,s= —-2.
Att=1,s=-2,x=-2,y=-1,5s0

02~ (2xy)(s) + (2 + ay)(21)

= (4)(-2)+(4-4)(2) = -8
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Chain rule with two independent variables

This gets complicated...

Example: Let z = x°y +2y° — 6, x = ts, y = t* + s. Compute
0z/0tand 0z/0satt=1,s= —-2.
Att=1,s=-2,x=-2,y=-1,5s0

02~ (2xy)(s) + (2 + ay)(21)

= (4)(-2)+(4-4)(2) = -8

0z

o5 = (X)) + (x* + 4y)(1)

(4)(1) + (4 - 4)(1) = 4.
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