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The chain rule in 1-d

Recall: In 1-d calculus, if f : (a, b) ! R and g : (c, d) ! (a, b),
the composition is f � g(t) = f (g(t)).

Another way to write:

parametrize x = g(t), so f (x) = f (g(t)).
If f and g are both differentiable,

(f (g(t)))0 = f 0(g(t))g0(t)

Higher dimensions? Subtle: What does it mean to be

differentiable?

Definition/Theorem: Let D be a domain in R2 or R3, f : D ! R.

If all first-order partial derivatives exist and are continuous, we

say f is differentiable. (We will return to this later.
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Chain rule for 1 independent variable

Theorem: Let D be a domain in R2 and let f : D ! R be a

differentiable function. Let x(t) and y(t) describe a

differentiable parametrized curve in D.

Then g(t) = f (x(t), y(t))
is differentiable with respect to t and

g0(t) = fx(x(t), y(t))x 0(t) + fy (x(t), y(t))y 0(t).

Notation: Some times written as: if z = f (x(t), y(t)), then

dz
dt

=
@z
@x

dx
dt

+
@z
@y

dy
dt

.
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Example: linear f

Let f (x , y) = x + y , x(t) = �t , y(t) = 3t . Sketch (x(t), y(t)) and

some level sets for f . Let z = f (x(t), y(t)) = x(t) + y(t). Find

dz/dt .

dz
dt

=
@z
@x

dx
dt

+
@z
@y

dy
dt

= (1)(�1) + (1)(3) = 2.

Note: Direction of the curve (x(t), y(t)) matters!
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Example

Let f (x , y) = x2 + y2, x(t) = cos t , y(t) = sin(t). Let

z = f (x(t), y(t)). Find dz/dt at the point t = �⇡/2.

dz
dt

=
@z
@x

dx
dt

+
@z
@y

dy
dt

= (2x)(� sin(t)) + (2y)(cos(t))
= (2 cos(�⇡/2))(� sin(�⇡/2)) + (2 sin(�⇡/2))(cos(⇡/2)) = 0
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Continued

Continue to let f = x2 + y2. Now let x(t) = e3t cos(t),
y(t) = e3t sin(t), z = f (x(t), y(t)). Find dz/dt at the point

t = �⇡/2.

dz
dt

=
@z
@x

dx
dt

+
@z
@y

dy
dt

= (2x)(3e3t cos(t)� e3t sin(t)) + (2y)(3e3t sin(t) + e3t cos(t))

= (2e�3⇡/2 cos(�3⇡/2))(3e�3⇡/2 cos(�3⇡/2)� e�3⇡/2 sin(�3⇡/2))

+ (2e�3⇡/2 sin(�⇡/2)(3e�3⇡/2 sin(�3⇡/2))(3e�3⇡/2 sin(�3⇡/2)

+ e�3⇡/2 cos(�3⇡/2))

= 2e�3⇡/2(3e�3⇡/2) = 6e�6⇡/2.
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Example

Let z = exy + y2, x = 1 + t3, and y = t4 � 9t . Compute dz/dt .

dz
dt

=
@z
@x

dx
dt

+
@z
@y

dy
dt

= (yexy )(3t2) + (xexy + 2y)(4t3 � 9)

= ((t4 � 9t)e(1+t3)(t4�9t)(3t2)

+ ((1 + t3)e(1+t3)(t4�9t) + 2(t4 � 9t))(4t3 � 9)
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Exercise

Let z = sin(x2y)� x , x = 1 � t2, and y = sin(2t). Compute

dz/dt .

dz
dt

=
@z
@x

dx
dt

+
@z
@y

dy
dt

= (2xy cos(x2y)� 1)(�2t) + (x2 cos(x2y))(2 cos(2t))

= (2(1 � t2)(sin(2t) cos((1 � t2)2 sin(2t))))(�2t)

+ ((1 � t2)2 cos((1 � t2)2 sin(2t))(2 cos(2t).
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Exercise
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Example

Let z = 2xy � x2 + cos(xy2), x = cos2(t), and y = (1 + t2)�1/2

at the point t = ⇡.

At t = ⇡, x = 1 and y = (1 + ⇡2)�1/2, so

dz
dt

= (2y � 2x � y2 sin(xy2))(�2 sin(t) cos(t))

+ (2x � 2xy sin(xy2))(�t(1 + t2)�3/2)

= (2(1 + ⇡2)�
1

2 � 2 � (1 + ⇡2)�1 sin((1 + ⇡2)�1))(0)

+ (2 � 2(1 + ⇡2)�1/2 sin((1 + ⇡2)�1)(�⇡(1 + ⇡2)�3/2)
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Exercise

Let w = xy + 2z2 � x2yz3, x = cos(⇡t), y = t2 � 1, and z = 2t3.

Find dw/dt when t = 1.

At t = 1, x = �1, y = 0, and z = 2, so

dw
dt

= (y � 2xyz3)(�⇡ sin(⇡(t))) + (x � x2z3)(2t)

+ (4z � 3x2yz2)(6t2)

= (0) + (�3)(2) + (8 � 0)(6)

= 42.
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Chain rule with two independent variables

This gets complicated...

Example: Let z = x2y + 2y2 � 6, x = ts, y = t2 + s. Compute

@z/@t and @z/@s at t = 1, s = �2.

At t = 1, s = �2, x = �2, y = �1, so

@z
@t

= (2xy)(s) + (x2 + 4y)(2t)

= (4)(�2) + (4 � 4)(2) = �8

@z
@s

= (2xy)(t) + (x2 + 4y)(1)

= (4)(1) + (4 � 4)(1) = 4.
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