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Scalar valued functions of several variables



Big Picture for today

Big Picture:
1) A function of several variables maps a “height” above a point

in the plane.
2) Level sets help us visualize a graph in three dimensions.
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Functions of two variables

Definition: Let D be a setin R2. A function f on D assigns a
value to each point (x, y) in D. We write f(x, y).
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Functions of two variables

Definition: Let D be a setin R2. A function f on D assigns a
value to each point (x, y) in D. We write f(x, y).
The domain of f is the largest set D where f is defined.
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Functions of two variables

Definition: Let D be a setin R2. A function f on D assigns a

value to each point (x, y) in D. We write f(x, y).
The domain of f is the largest set D where f is defined.
The range of f is the set of values that f takes.
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Functions of two variables

Definition: Let D be a setin R2. A function f on D assigns a
value to each point (x, y) in D. We write f(x, y).

The domain of f is the largest set D where f is defined.

The range of f is the set of values that f takes.

Remark: If z = f(x, y), think of f(x, y) as a “height”. Then the
domain is a set in R?, and the range is the set of heights that f
takes.
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Functions of two variables

Definition: Let D be a setin R2. A function f on D assigns a
value to each point (x, y) in D. We write f(x, y).

The domain of f is the largest set D where f is defined.

The range of f is the set of values that f takes.

Remark: If z = f(x, y), think of f(x, y) as a “height”. Then the
domain is a set in R?, and the range is the set of heights that f
takes. The domain is in R?, but the range is in R.

Scalar valued functions of several variables



Example: f(x,y) = cos(x)sin(y)
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Example: f(x, y) = cos(x)sin(y) Domain is R?, range is [-1, 1].
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Example: f(x, y) = cos(x)sin(y) Domain is R?, range is [-1, 1].

Example: f(x,y) = 3x* - ;
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Example: f(x, y) = cos(x)sin(y) Domain is R?, range is [-1, 1].
Example: f(x,y) = 3x2 — % Domain is everything except
where y = 0. Range is R.

Scalar valued functions of several variables



Example: f(x, y) = cos(x)sin(y) Domain is R?, range is [-1, 1].
Example: f(x,y) = 3x2 — % Domain is everything except
where y = 0. Range is R.

Exercise: f(x,y) = e*sin(y)
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Example: f(x, y) = cos(x)sin(y) Domain is R?, range is [-1, 1].
Example: f(x,y) = 3x2 — % Domain is everything except
where y = 0. Range is R.

Exercise: f(x,y) = & sin(y) Domain is R?,
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Example: f(x, y) = cos(x)sin(y) Domain is R?, range is [-1, 1].
Example: f(x,y) = 3x2 — % Domain is everything except
where y = 0. Range is R.

Exercise: f(x,y) = e sin(y) Domain is R?, Range is R.
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Example: f(x, y) = cos(x)sin(y) Domain is R?, range is [-1, 1].
Example: f(x,y) = 3x2 — % Domain is everything except
where y = 0. Range is R.

Exercise: f(x,y) = e sin(y) Domain is R?, Range is R.
Exercise: f(x,y) = (9 — x® — y?)1/?
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Example: f(x, y) = cos(x)sin(y) Domain is R?, range is [-1, 1].
Example: f(x,y) = 3x2 — % Domain is everything except
where y = 0. Range is R.

Exercise: f(x,y) = e sin(y) Domain is R?, Range is R.
Exercise: f(x,y) = (9 — x® — y?)'/2 Domain is where

9 — x2 — y? > 0, which is a disc of radius 3.
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Example: f(x, y) = cos(x)sin(y) Domain is R?, range is [-1, 1].
Example: f(x,y) = 3x2 — % Domain is everything except
where y = 0. Range is R.

Exercise: f(x,y) = e sin(y) Domain is R?, Range is R.
Exercise: f(x,y) = (9 — x® — y?)'/2 Domain is where

9 — x2 — y2 > 0, which is a disc of radius 3. Range is [0, 3].

Scalar valued functions of several variables



Recall: The graph of a function of one variable: let y = 1 + x2.
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Recall: The graph of a function of one variable: let y = 1 + x2.
The graph is the collection of all points where y = 1 4 x2. Write
as the collection of points (x, 1 + x2).
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Recall: The graph of a function of one variable: let y = 1 + x2.
The graph is the collection of all points where y = 1 4 x2. Write
as the collection of points (x, 1 + x2).

Definition: Let f(x, y) be a function on a domain D. The graph
of f is the collection of points (x, y, z) in R such that

z = f(x,y) for a point (x, y) in D.
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Recall: The graph of a function of one variable: let y = 1 + x2.
The graph is the collection of all points where y = 1 4 x2. Write
as the collection of points (x, 1 + x2).

Definition: Let f(x, y) be a function on a domain D. The graph
of f is the collection of points (x, y, z) in R such that

z = f(x,y) for a point (x, y) in D.

Example: Sphere: f(x,y) = (9 — x® — y?)1/2,
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Recall: The graph of a function of one variable: let y = 1 + x2.
The graph is the collection of all points where y = 1 4 x2. Write
as the collection of points (x, 1 + x2).

Definition: Let f(x, y) be a function on a domain D. The graph
of f is the collection of points (x, y, z) in R such that

z = f(x,y) for a point (x, y) in D.

Example: Sphere: f(x,y) = (9 — x% — y?)'/2. If z = f(x, y),
then z>0and 22 =9 — x? — y2.
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Recall: The graph of a function of one variable: let y = 1 + x2.
The graph is the collection of all points where y = 1 4 x2. Write
as the collection of points (x, 1 + x2).

Definition: Let f(x, y) be a function on a domain D. The graph
of f is the collection of points (x, y, z) in R such that

z = f(x,y) for a point (x, y) in D.

Example: Sphere: f(x,y) = (9 — x% — y?)'/2. If z = f(x, y),
then z > 0 and z2 = 9 — x? — y2. Graph is the collection of
points (x, y, (9 — x2 — y?)1/2).
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Level sets

Definition: Let f(x, y) be a function with domain D. A level set
is a setin D where f(x, y) = constant.
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Level sets

Definition: Let f(x, y) be a function with domain D. A level set
is a setin D where f(x, y) = constant. We sometimes write
f(x,y) = zo, sketch curves in D for different values of z,.
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Level sets

Definition: Let f(x, y) be a function with domain D. A level set
is a setin D where f(x, y) = constant. We sometimes write
f(x,y) = zo, sketch curves in D for different values of z,.

Note: Can also sketch in other planes where x = xg is constant
or y = yy is constant if it helps.
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Example: f(x,y) = (9 — x2 — y?)'/2. Sketch some level curves.
Use this to sketch the graph.
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Example: f(x,y) = (9 — x2 — y?)'/2. Sketch some level curves.
Use this to sketch the graph.

Example: f(x,y) = 2 + x + 4y2. Sketch some level curves.
Use this to sketch the graph.
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Example: f(x,y) = (9 — x2 — y?)'/2. Sketch some level curves.
Use this to sketch the graph.

Example: f(x,y) = 2 + x + 4y2. Sketch some level curves.
Use this to sketch the graph.
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Exercises

Exercise: f(x,y) = —x? — y? + 2x. Sketch some level curves.
Use this to sketch the graph.
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Exercises

Exercise: f(x,y) = —x? — y? + 2x. Sketch some level curves.
Use this to sketch the graph.

Exercise: f(x,y) = —2x + y. Sketch some level curves. Use
this to sketch the graph.
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Exercises

Exercise: f(x,y) = —x? — y? + 2x. Sketch some level curves.
Use this to sketch the graph.

Exercise: f(x,y) = —2x + y. Sketch some level curves. Use
this to sketch the graph.
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Domain and range example

What are the domain and range of the following function:

f(x,y) = (9 — x* — y?)'/%?
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Domain and range example

What are the domain and range of the following function:
f(x,y) = (9 —x* — y?)1/%2

Domain is where 9 — x> — y2 > 0, which is a disc of radius 3.
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Domain and range example

What are the domain and range of the following function:
f(x,y) = (9 —x* — y?)1/%2

Domain is where 9 — x> — y2 > 0, which is a disc of radius 3.
Range is [0, 3].
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Definition: Let f(x, y) be a function on a domain D. The graph
of f is the collection of points (x, y, z) in R such that
z = f(x,y) for a point (x, y) in D.
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of f is the collection of points (x, y, z) in R such that

z = f(x,y) for a point (x, y) in D.

Example: Sphere: f(x,y) = (9 — x? — y?)'/2,
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Definition: Let f(x, y) be a function on a domain D. The graph
of f is the collection of points (x, y, z) in R such that

z = f(x,y) for a point (x, y) in D.

Example: Sphere: f(x,y) = (9 — x% — y?)'/2. If z = f(x, y),
then z>0and 22 =9 — x? — y2.
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Definition: Let f(x, y) be a function on a domain D. The graph
of f is the collection of points (x, y, z) in R such that

z = f(x,y) for a point (x, y) in D.

Example: Sphere: f(x,y) = (9 — x% — y?)'/2. If z = f(x, y),
then z > 0 and z2 = 9 — x? — y2. Graph is the collection of
points (x, y, (9 — x2 — y?)!/2),
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Level sets

Definition: Let f(x, y) be a function with domain D. A level set
is a setin D where f(x, y) = constant.
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Level sets

Definition: Let f(x, y) be a function with domain D. A level set
is a setin D where f(x, y) = constant. Write f(x, y) = zp,
sketch curves in D for different values of z;.
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Level sets

Definition: Let f(x, y) be a function with domain D. A level set
is a setin D where f(x, y) = constant. Write f(x, y) = 2,
sketch curves in D for different values of z;.

Note: Can also sketch in other planes where x = xg is constant
or y = yp is constant if it helps.
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Level sets

Definition: Let f(x, y) be a function with domain D. A level set
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Note: Can also sketch in other planes where x = xg is constant
or y = yp is constant if it helps.

Example: f(x,y) = (9 — x2 — y?)'/2. Sketch some level curves.
Use this to sketch the graph.
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Level sets

Definition: Let f(x, y) be a function with domain D. A level set
is a setin D where f(x, y) = constant. Write f(x, y) = 2,
sketch curves in D for different values of z;.

Note: Can also sketch in other planes where x = xg is constant
or y = yp is constant if it helps.

Example: f(x,y) = (9 — x2 — y?)'/2. Sketch some level curves.
Use this to sketch the graph.

Example: f(x,y) = 2 + x® + 4y2. Sketch some level curves.
Use this to sketch the graph.
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Level sets

Definition: Let f(x, y) be a function with domain D. A level set
is a setin D where f(x, y) = constant. Write f(x, y) = 2,
sketch curves in D for different values of z;.

Note: Can also sketch in other planes where x = xg is constant
or y = yp is constant if it helps.

Example: f(x,y) = (9 — x2 — y?)'/2. Sketch some level curves.
Use this to sketch the graph.

Example: f(x,y) = 2 + x® + 4y2. Sketch some level curves.
Use this to sketch the graph.
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