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Big Picture for today

Big Picture: A vector field assigns a vector at each point in a
domain. Equivalently, it is a vector valued function of more than
one variable.
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Vector field Motivation

Motivation: Motion on a circle.
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Motivation: Motion on a circle. r(t) = (Rcost, Rsint) is
rotation on a circle of radius R. ¥'(t) = (—Rsint, Rcost) is
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Vector field Motivation

Motivation: Motion on a circle. r(t) = (Rcost, Rsint) is
rotation on a circle of radius R. ¥'(t) = (—Rsint, Rcost) is
tangent. Write in terms of x and y:

Write this as a function of (x, y):

F(Xay) = <Xay>7 G(va) = <_y7X>‘
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Vector fields in R?

Definition: Let D be a domain in R2. A vector fieldon D is a
function F(x, y) : D — R2.
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Definition: Let D be a domain in R2. A vector fieldon D is a
function F(x, y) : D — R2.

Note: We now have r(t) : (a,b) — R?, f(x,y) : D — R, and
F:D— R2

Often write F(x, y) = (f(x,y),9(x, y)) where f : D — R and
g:D—R.

Vector Fields (17.1)



Vector fields in R?

Definition: Let D be a domain in R?. A vector fieldon D is a
function F(x, y) : D — R2.

Note: We now have r(t) : (a,b) — R?, f(x,y) : D — R, and
F:D— R2

Often write F(x, y) = (f(x,y),9(x, y)) where f : D — R and
g:D—R.

F is continuous if f and g are continuous. F is differentiable if f
and g are differentiable.
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Examples: Sketch the vector fields F(x, y) = (x, y)
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Examples: Sketch the vector fields F(x, y) = (x, y)
F(x,y) = (¥, x)
F(Xv.y) = <07 11— X2>

Vector Fields (17.1)



Vector fields in R3

Defintion: Let D be a domain in R3. A vector fieldon D is a
function F(x,y, z) : D — R3.
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Vector fields in R3

Defintion: Let D be a domain in R3. A vector fieldon D is a
function F(x,y, z) : D — R3.

F(X7y7 Z) = <f(X7y7 Z)?Q(X7y7 Z)’ h(X7 .y7 Z)> °

To each point in three dimensional domain D, F attaches a
vector in R3. Not so easy to sketch!
Example: F(x,y,z) = (x,y, z) is a radial vector field in R3.
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Gradient fields

Definition: Let D be a domain in R?, ¢(x, y) : D — R. The
gradient vector field is F(x, y) = Vo(x, y).
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gradient vector field is F(x, y) = Vo(x, y). The function ¢(x, y)
is called the potential.

Vector Fields (17.1)



Gradient fields

Definition: Let D be a domain in R?, ¢(x,y) : D — R. The
gradient vector field is F(x, y) = Vo(x, y). The function ¢(x, y)
is called the potential.

Examples: If ¢(x,y) = x + 2xy, then Vo(x, y) = (1 + 2y, 2x).
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Geometry of gradient fields

Example: Let ¢(x, y) = x2 + y2.
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Geometry of gradient fields

Example: Let ¢(x,y) = x® + y?. Level sets of ¢ are circles:
#(x,y) = R? is a circle of radius R.
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Geometry of gradient fields

Example: Let ¢(x,y) = x® + y?. Level sets of ¢ are circles:
#(x,y) = R? is a circle of radius R.

At each point (xo, ¥o) in a circle, Vo(xo, ¥o) is perpendicular to
the level set ¢(x,y) = x& + y&.
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Geometry of gradient fields

Example: Let ¢(x,y) = x® + y?. Level sets of ¢ are circles:
#(x,y) = R? is a circle of radius R.

At each point (xo, ¥o) in a circle, Vo(xo, ¥o) is perpendicular to
the level set ¢(x, y) = x5 + y3. Perpendicular to a circle means

pointing outward.
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Geometry of gradient fields

Example: Let ¢(x,y) = x® + y?. Level sets of ¢ are circles:
#(x,y) = R? is a circle of radius R.

At each point (xo, ¥o) in a circle, Vo(xo, ¥o) is perpendicular to
the level set ¢(x, y) = x5 + y3. Perpendicular to a circle means
pointing outward.

~ F(x,y) = Vo(x,y) = (2x,2y) is radiall
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Example: Let ¢(x, y) = xy. Sketch some level sets and the
gradient vector field.
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Example: Let ¢(x, y) = xy. Sketch some level sets and the
gradient vector field. V¢ = (y, x).
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Example: Let ¢(x, y) = xy. Sketch some level sets and the
gradient vector field. V¢ = (y, x). Perpendicular to level sets.
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Exercise

Exercise: Let ¢(x, y) = arctan(y/x). Find and sketch the
gradient vector field.
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Exercise: Let ¢(x, y) = arctan(y/x). Find and sketch the
gradient vector field. Why does it look like that? (Hint: Think
polar coordinates.
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Exercise

Exercise: Let ¢(x, y) = arctan(y/x). Find and sketch the
gradient vector field. Why does it look like that? (Hint: Think
polar coordinates. ¢(x, y) = 6 in polar, so gradient vector field
should be perpendicular to § =constant.
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